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PREFACE, 


Tae Differential and the Integral Calculus have been esta- 
blished upon entirely different axioms and definitions by the 
several founders of those sciences. The primary ideas of 
infinitesimals, fluxions, and exhaustions, though their results 
coincide, for the simple reason that all pure truth js con- 
sistent with itself, are widely diverse in their abstract nature. 
In writing, therefore, on the principles of either Calculus, a 
difficulty presents itself in the necessity of electing between 
xystems, each of which has the sanction of high authority 
and peculiar intrinsic merits, 

This consideration is of especial importance in a “ Rudi- 
mentary Treatise,” which cannot, of course, fulfil the pro- 
feasion of its title without singleness and simplicity of its 
fundamental ideas, and an exactness of thought and language 
often very difficnit of attainment. The choice of methods 
in the present work has been determined partly by historical 
considerations. The discoverers of new truths usually search 
after them by the simplest and most familiar considerations ; 
and it seems natural to presume that, as far at least as 
abstract principles are concerned, the way of discovery is the 
easiest way of instruction. 

The original idea upon which Newton based the system of 
fluxions, regarded a differential coefficient as the rate of 
increase of a function. The idea upon which Leibnitz and 
the Bernouillis established the Integral Calculus, regarded 
an integral as the limit of the summation of an indefinite 
number of indefinitely diminishing quantities. The facility 
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with which the idea of “ rate” may be conceived and applied 
to the scienco of which Newton was the great founder, and the 
sitilur advantages of the idea of summation in the Integral 
Calculus, determined the selection of the first idea as the 
basis of the “Manual of the Differential Calculus” by the 
present writer, and the second as the basis of the present 
treatise. 

The value and importance of what is termed by Professor 
De Morgan the ‘“ summatory” definition of integration, bas 
been insisted upon by him and others of the most eminent 
modern mathematicians; but the present is probably an almost 
bolitary attempt to establish the Integral Calculus on that 
definition exclusively. Throughout the entire range of the 
practical npplications of the Integral Calculus—to Geometry, 
Mochanics, &c.—the idea of summation is solely and universally 
apphed. ‘The rival definition of the Integral Calculus—as 
the inverse of the Differential Culculus—has a merely rela- 
tive signification, and is, therefure, essential only im ana- 
lytical investigations of the relations of the two seiences. 

But whatever system bo adopted for establishing either 
calculus must of necessity involve the idea of limits and 
limiting values. An unreasonable reluctance has been some- 
times exhibited in adopting this idea in clementary treatises, 
Whereas that itis ope by no means difficult to be conceived is 
shewn by its adoption in the tirst ages of mathematics. By 
fur greater difliculues bave arisen from the shifts to which 
resort has been had tw evade it in theorems of which 
demonstrations without it are necessarily logical. 

The idea of limits occurs, or ought to occur, much earlier 
in the study of exact science than is genefally allowed. 
This idea is essentially invelved in Arithmetic, Euclid, and 
Algebra. The laws of operation with recurring decimals 
and surds cannot be accurately established without limits— 
for in what sense is the fraction 4 equal to 3383. or 
¥2 equal to another interminable decimal, scope as . the 
limits of the two infinite convergent series represented by 
the decimals? Euclid’s definition of equality of ratios 
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(Book V., Def. V.), is made to include incommonsurable 
ratios by considerations dependent on the method of limits, 
which also occurs repeatedly in Book XIT. In Algebra, 
as the present writer has endeavoured to shew elsewhere 
(Cambridge Mathematical Journal, Feb., 1852), an exact 
demonstration of the Binomial Theorem must involve the 
method of limits. The same remark applies to the operation 
of equating indeterminate coefficients and the theorem a°= 1. 
Neglect of these considerations involves the writers of some 
treatises in obscurities, errors, and ineonsistencies, which 
bring to remembrance the supposed common origin of the 
words “gibberish” and “ algebra.”® 

Throughout the present work, the language of infinifes 
and infinitely small quantities has been carefully avoided, 
partly because they cannot, except by an inaccuracy of Jan- 
guage, he spoken of as really existing magnitudes which may 
be subjected to analytical operations, partly because the 
language of the method of limits is equally concise, and is, 
moreover, exact. 

That infinity has a real existence must he admitted; for let 
us conceive any distance, however great, such that the remotest 
koown star is comparatively near; we cannot say thit NACA 
terminates at that distance. Whint is beyond the honndary ? 
A void, perhaps, but still space; so that unless we can 
conceive the existence of a boundary which inchides all apace 
within it, and to which no space is external, we are forced 
to admit the existence of infinite space. But this admission 
ix altogether different from that which subjects infinity to 
mathematical operations. How is the infinity thus operated 
upon to be defined? As a magnitude than which none other 
is greater? But by brpothesis it is the subject of analytical 


* Algebra. — Some, however, derive it from various other Arabic words, 
as from Geber, a celebrated philosopher, chemist, and mathematician, to 
whom they ascribe the intcution of this sciance,”-~-Hutton's Mathematical 
Inetionary. Gibberish.‘ It is probably derived from the chemical cant, 
and originally implied the jargon of Gebcr and his tribe.”"—Julnaon’s 
Dictionary. 
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operations, and therefore of addition. Add, therefore, some 
quantity; the result is greater than this infinity, or the 
definition is contradicted. The truth is, that absolute in- 
finity, such as the infinity of space, cannot be intelligibly 
conceived on the supposition that anything can be added 
to it. 

Similar considerations apply to infinitely small quantities. 
There is no difficulty in seeing, that of any kind of mag- 
nitude the parts may be diminished infinitely, for, however 
small a part be taken, it may be divided, and thus smaller 
parts are taken. If, then, an infinitesimal quantity, the 
Kiubject of analytcal operation, be defined to be a real quan- 
tity less than any other, the definition may be readily shewn 
to be inconsistent with itself. 

When, therefore, infinitesimals and infinity are introduced 
into mathematical operations, they ought to be regarded not 
as having an absolute existence, but merely as the means of 
expressing the fonits to which results approach, as quantities 
in them are continually mereased or diminished. 

M. Cournot, in his admirable treatise “ Jes Fonetions et 
du Caleul Infinttestmal” (Paris, 1841), asserts, indeed, that 
the infinitesimal method does not merely constitute an in- 
genious artifice; that it is the expression of the natural 
mode of generation of physical magnitudes which increase 
by elements smaller than any finite magnitude. But he 
does not appear to have auvwhere detined what he under- 
stands by elements smaller than any finite magnitudes; and 
without such a detinition it is impossible to investigate his 
proposition accurately. Hf the words of it be interpreted 
literally it appears to lead to this dilemma: if the elements 
be not magnitudes, the addition of them produces no in- 
crease—if they be magnitudes, they cannot be less than any 
finite magnitude ; for, being magnitudes, they may be divided 
luto less magnitudes. 

With respect to the method of limits, M. Cournot is of 
opinion that questions must occur in which it is necessary 
to renounce this method, and to substitute for it in language 
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and in calculations the employment of intinitely small quan- 
tities of different orders, He has not, however, specified ANY 
instance in which the substitution in question is required. 

The following demonstrations do not refer directly or 
indirectly to different orders of small quantities, nor, indeed, 
to small quantities at all; for the uso of the term = ‘ small,” 
in an absolute sense, in mathematics, is objectionable on 
account of its inexactness. The limit where greatness ceases 
and smallness begins cannot be distinguished. Hence, though 
one quantity may be accurately said to be smaller than another, 
the former cannot with perfect exactness be said to be neces- 
sarily and absolutely sinall with respect to the latter. 

‘The exclusive adherence to the “ summatory” definition 
of the Integral Calculus, has rendered it necessary to present, 
the greater part of the following propositions in a new form, 
and searcely anything here given (except the historical 
notices} is compiled from analogous treatises. Tho tirst 
section contains a popular exposition of the Integral Cul. 
culus; and the second a brief account of its history, coin. 
piled from one or two cyclopwdias and dictionaries. The 
two following sections are probably in a great measure new, 
as in them the general principles of integration and the 
integration of the fundamental functions are derived from 
the definition above referred to. ‘The uiree short sections 
which suceced contain nothing onpinual; but the eighth, on 
Rational Fractiong is almost entirely newly written, ‘Phe 
ordinary demonstration of the possibility of resolving a 
rational fraction into partial fractions procecds by the method 
of equating coefficients, and is defective in this respect—- 
that it neglects to shew, d@ priort, that the assumed co- 
efficients have any real existence, and that the equations 
determining them do not give impossible or inconsistent 
results. 

To the kindness of Paoresson De Monaay, of University 
College, Loudon, the Author is indebted for an exact de- 
monstration of the existence of partial fractions correspond- 
ing to rational fractions, with denominators resolvable 
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into simple factors. Similar obligations have been conferred 
by Mn. Cowen, of Magdalene College, Cambridge, by his 
analogous demonstration respecting quadratic factors. In 
a subsequent part of the section, a method of effecting these 
resvlutions is proposed, which may, perhaps, save some 
labour. 

In the ninth section a bint has been taken from Moigno's 
edition of Cauchy's “ Legons de Calcul Integral,” to gene- 
ralize in some measure the principles of Rationalization. 

In the next chapter the “summatory” definition is ex- 
tended to Multiple Integrals. The (Quadrature of Curves 
and the Cubature of Solids are next considered: and a 
inethod, which is prububly new. is given, of investigating sthe 
cubature by polar co-ordinates, by considering surfaces to be 
generated by the revolution of figures of rariable form. 

The theories of rectification of curves and complanation 
uf surfaces have some difficulties which are frequently 
evaded by illogical reasoning. In the * Principia," the 
method of rectification is based on the tifth Lemma—*“ the 
homologous sides of similar figures are proportional.” This 
is stated without demonstrauon, and is intended to be 
uxiomatic. Jt assumes, in other words, that if any figure 
le drawn to a reduced scale, the linear dimensions of the 
corresponding parts are in the ratio of the scale of the 
original to that of the copy. Certain Cambridge versions of 
Newton's Lemmas, among other muulations of the original, 
have attempted to prove this axiom respecting lengths, by 
reference to a proposition respecting areas, of which the 
cvidence is of a totally different kind. 

Home continental writers, amongst whom is M. Cournot, 
have thought to avoid all ditlculty respecting the funda- 
mental principles of rectification and complanation, by de- 
fining curves and surfaces to be respectively polygons and 
polyhedrons of indefinitely small sides. But it is, in truth, 
a mere postponement of difficulty to invent new definitions 
to auswer special purposes. The metheds of measuring 
curves and surfaces, as defined by M. Cournot, are, perhaps, 
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to be connected with his views respecting small quantities, 
but cannot be considered complete until extended by rigorous 
reasoning to surfaces and curves generated by continuous 
motion—such as solids of revolution and their sections, 
An essay is made in the following pages to establish the 
principles of this part of the Integral Calculus on very 
simple geometrical axioms, and the formula of complanation 
iy proved without tho usual reference to the inclination of 
tangent planes. . 

A consideration of the integration of functions which be- 
come discontinuous or infinite for particular values, appeared 
necessary to complete the subject, aud an attempt has been 
made to elucidate the defimtion of multiple integrals of 
discontinuous functions. In the concluding section, an in- 
vestigation of some of the properties of the second Eulerian 
integral is partly taken from Littrow’s ' dnleitung zur 
hiheren Mathematik ;" but in the original proofs an important 
defert exists, to remedy which, the article on ultimate ratios 
of Eulerian integrals has been given. ‘The demonstration 
of the fundamental relation between the two kinds of such 
integrals is that of Porsson, as given by M. Cournot. Some 
remarks are offered on- the inexuctness of evaluations of the 
sine and cosine of an infinite angle. 

Several invaluable suggestions of Professur SioKkes, the 
Lucasian Professor of Mathematics at Cambridge, have been 
embodied in the two concluding chaptera; and the obligations 
thus conferred are acknowledged by the Author with a feeling 
of great gratitication, e 

Geometrical representations of analytical theorerns have 
been frequently introduced for the purpose of illustration, but 
not of demonstration; for though the proof of purely anu. 
lytical theorems of the Integral Calculus is independent of 
the extrinsic aid of geometry, they are often remarkubly 
elucidated by being considered objectively. 


Camsninos, February, 1652. 
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INTEGRAL CALCULUS. 


SECTION I. 


GENERAL, ACCOUNT OF THE OIVNECTS OF THE INTEGRAL 
CALCULUS, 


1. Amonast the most important uses of the Integral Calculus 
are its applications to the measurement of the lengths of 
curves, the arcas of curvilinear figures, the contents of solids 
contained by curved surfaces, and the effects of forces. This 
Calculus is required in the most important investigations in 
every branch of the exact sciences. 

2. The names of the Integral and Differential Calculus 
sufficiently indicate the distinction between them. The In- 
tegral Calculus determines the whole sum or integral magni- 
tude of a quantity of which the differential parts are given. 
The Differential Calculus, on the contrary, investigates tho 
relations of the differential parts of a quantity of which the 
integral magnitude is given. 

3. The process of Integration is therefore the inverse of 
Differentiation: in the same way as Subtraction ia the in- 
verse of Addition, Division the inverse of Multiplication, 
Evolution the inverse of Involution. But in the same sense 
that Integration is the inverse of Differentiation, the latter 
operation is the inverse of the former. As, therefore, the 

ifferential Calculus is defined and investigated irrespectively 
of the Integral, so may also the Integral independently of 
the Differential. It is an unnecessarily restricted view 
which regards the Integral Calculus as a dependent science. 
Throughout the following pages its rules will be indepen- 
dentiy demonstrated; though the close relation between the 
two Calculi requires careful consideration, for the sake of its 
aid in comprehending both subjects, its suggestivenesa in 
» jnveatigation, and its test of results by inverse operation. 
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4. It was said above, that the Integral Calculus determitwo 
the integral magnitude of a quantity from its differential pak pa 
Now of course this indirect method of measurement Wobgag 
not be usually resorted to, if a more direct were practicaber. 
But there are innumerable cases in which direct measuremen. 
is impracticable. The measurement of the lengths of Jines 
affords a simple illustration. If the lines be straight, the 
nothod of measuring them ia obvious and direct. It consist~ 
in successive applications of a straight “rule” or standar 
of a unit of length (a yard, metre, cll, &.), along the straig, 
line to be measured, and ascertaining how many times ‘t ¢; 
tains the unit and known parts of it. But if the li. 
bo measured ba a curve, no such application of a stra 
“rule” can be performed ; it will coincide with the curve‘ 
no portion of it, however small. 

5. A rough vd of effecting the required measuren 
is, however, readily suggested. A number of pointa 
be arbitrarily taken in the curve, and be joined, or be 





d to be joined, by dotted lines. Then, if these 
© measured, thoir total length is an approximate me 
of the length of the curve. 

6. It was long ago perceived, that by diminishin; 
lengths of the chords, and increasing their number, th: 
proximation became closer and closer. Au improvemes 
the method was effected by drawing from the extremiti 
intermodiate points of the curve, tangents meeting eacl 
at points in the convex side of the curve, as in the fol 
diagram. If the curve be such that the tangent, . 
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nt of it, cannot meet it at any other point, the total 
aths of these tangents is less than the length of the 
ve. In this way the length of the curve, though it could 
_ be exactly determined, might at any rate be ascertained 
be less than one, and greater than another, of two quan- 
"tities; which might be made to differ by a quantity less and 


oe a 
are 
cur 
cor 
Ca 
evé, as the number of chords and tangents was increased. 

‘that the error of the approximation would be determined 
suthin closer and closer extremes, as the goomcter expended 
teore and more labour on the piensuratiuvn, It is clear, 
tuwever, that the length of the curve has some eract value, 
Thich is the Liuir of the operations above explained; and 
Yoe discovery of that exact limit is the solution of a problem 
if the Integral Caleulus. 

7. Again, the area of any plane curvilinear figure is certainly 
yreater than that of any polygon of straight sides inscribed 
in it, and lesa than that of any such polyyon circumscribed. 
By increasing the numbers of sides of the circumscribed and 
inscribed polygons, their ureay are made to differ less and 
Ho The area of the curvilinear figure lying between them 

iffé thus be determined within any degree of approximation. 
of tlor instance, let the area ACB be included Ly a curve AB, 
the ‘two straight lines, AC, CB, at right angles to each other. 
whicyquires little science to perceive that one of the readiest 
Thre of roughly measuring this arca, ie to divide it into portions 
ae aliel to AC, but not necessarily equidistant, and 
two Capute the area of each such portion as if it were a rest- 
aid in Yet this method would give the area of the fi 
“ “ not by the curve, but by the zigaag dotted line 
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within or without the figure. The difference between the / 
rectilinear figures bounded by the two zigzag lines m 
reduced by increasing the number and diminishing the 
of the rectangles. Thus the curvilinear area may be det 





mined within a margin of crror which may be diminished at 
leasuro. This process for determining areas is called the 
Method of (QWUADRATURES. 

&. It may happen that this method of approximation sug- 

ta the limit to whichgit tends. The Inntegrat Calculus 

iffera from the preceding method only in that it substitutes 
absolute exactness for mere approximation. The curvilinear 
figure must have some exact area which is the limit of the 
results of the above operations. If, therefore, that limit may 
be inferred from them, they lead to the solution of a problem 
of the Integral Caleulus. 

0. Again, one of the most frequent problems of Dynamics 
ia to ascertain the distance passed over in a given time by 
a point moving with continually-varying velocity. If the 
poiut were moving with uniform velocity, the distance de- 
scribed by it in any time could be immediately ascertained. 
The approximation to the distance described by a varyin 
velocity is analogous to the approximations above described: 
and consists in supposing the velocity te change not conti- 
nuously but after intervals, and remain aniform during each 
interval. The shorter the intervals, the more néarly docs the 
distance computed on this supposition approximate to the | 
real distance described. Let the distances be computed on 
the hypotheses, first, that the point retains throughout | 


OBJECTS OF THE INTEGRAL CALCULUS, 5 


each of the intervals into which its motion is hypothetically 
divided, the velocity it actually has at the commencement of 
that interval; secondiy, that the point has throughout each 
interval the velocity it actually has at the termination of that 
interval. The first hypothesis evidently gives the distance 
traversed too small; the second hypothesis tvo large, if the 
velocity be a continuously-increasing one. By diminishing 
the hypothetical intervals, the error of approximation js re- 
daced; and if the limit to which these operations lead can be 
found, the result is the solution of a problem of the Integral 
Calculus. 

10. The principle on which all the above cases depend, 
may be stated een thus :—A quantity is to bo measured 
which cannot be immediately compared with the unit of men- 
surement. The quantity is therefore divided into several 
parts, and it is ascertained of cach of these, that it exceeds 
one, and falls short of another, of two quantitics measurable 
by the given unit. The sums of the two series of measur- 
able quantities are the one greater, tho other less, than the 
whole quantity to be measured. 

This process has been continually practised by the moat 
unskilful as well as the most skilful computers. It is applied 
in innumerable cases in the ordinary avocations of life. The 
science which from this kind of approximation extracts 
rigorous and exact truth, is the Ixteurar CaLcunus. 

The foregoing remarks will probably suflice to show the 
student what kind of reasoning way be expected to engage his 
attention in this subject. They serve also to ronder intelli- 
gible the following slight sketch of its history. 
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SHCTION IT, 
EARLY TMSTORY OF TILE INTEGRAL CALCULUS. 


Pytrnaconas, born about 500 n.c., died about 497 3.0. ‘The 
history of his mathematical discoveries rests generally on no 
higher authority than that of tradition. The discovery of the 
quadrature of the ulahaees has been ascribed to him, as ap- 
pears from the following passage in Dr. Hutton’s Mathe- 
matical Dictionary. In reference to the theorem that the 
aquaro on the hypethennse of a right-angled triangle is equal 
to the sum of the squares on the sides, it is remarked, that 
© Plutarch even doubts whether such a sacrifice was made 
for the said theorem, or oven for the area of the Parabola, 
which it was sant Pythagoras also found out.” 

Biverin, who lived about 240 n.c., and about 50 years before 
Archimedes, showed, in his 10th Book, that the areas of the 
Circle and Polygon inscribed in it are ultimately equal. He 
demonstrated that the area of the circle is equal to half the 
rectangle contained by the radius and circumference, and thus 
found ont a problem of Integration. Lis method is known 
aa the er fe of Kahaustions. The first proposition of the 
10th Book asserts that, if from the greater of two given 
quantities be taken more than its half, from the resulting 
remainder more thar its half, and so on continually, there 
will remain at last a quantity less than either of the given 
quantities. By this reasoning, the difference between the 
circle and polygon is exhausted, and the circle becomes ulti- 
mately equal to the polygon. 

ARCHIMEDES, who lived about 250 u.c., investigated the 
ratio of the circumference of a circle to its diameter. By 
calculating the length of the periphery of a circumscribed 
pogo of 192 sides, and an inscribed polygon of 96 sides, 
10 found that the circamference of the circle is between 
348 and 339 of the diameter. He left a treatise on the 
Spiral which now bears his name; and determined the rele- 
tion of the area bounded by that curve to that of the cir- 
cumscribed circle. To Archimedes is attributed the quadra- 
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ture of the parabola, which discovery, however, as appear 
above, has been assigned to Pythagoras aleo. Let AO be 
a portion of a parabola, O 

its vertex, OB a part of ita ¢ 
axis, and AB a straight line 
at right angles to it. The | . 
proposition in question, gr 
which is interesting from 
its antiquity and intrinsic 
importance, asserts that the 
area AOB is two-thirds of 
the rectangle ACOB. The 
student may easily ascertain = g° i 
after reading the following 

es, that this result is equivalent to the integration of a 
unction of the form cat, where ¢ is constant and & variable. 

Archimedes showed in his treatise Hel SPaiges wai xvairdpav, 
that the content of a sphere is two-thirds of that of the 
oylinder which just contains it; that tho surface of a sphoro 
18 four times as great as that of one of its great circles, &. 

Coxon, a contemporary of Archimedes, is said to have 
invented tho spiral which bears the name of the latter, and 
to have proposed to him problema respecting it, which wore 
solved by him. 

Paprus, who lived towards the end of the fourth century 
(about a.p. SRO), demonstrated sume of the principal pro- 
perties of the same spiral, by adding together an indefinite 
number of parallelograms and cylinders, into which he supe 
posed a triangle aud cono ultimately divided. Pappus aleo 
gave in the preface to his 7th Book, the centrobaric method 
of determining the content and superficies of a solid of revo- 
lution in terme of the dimensions of the generaling figure, 
and the position of its centre of gravity. The theorems of 
the centrobaric method discovered by Pappus, frequently are 
called Guidin's properties, from a much later mathematician, 
Guldini, by whom they were demonstrated. 

GaLiLeo, born 1564, died 1642, proved that a bod 
moving in 8 straight line with a constant acceleration, 6 
as that produced by gravity, describes in any time from the 
commencement of the motion a distance proportional to that 
time. He thence showed that the path of a projectile is a 
parabola. The determination of the distance described by a 
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constantly-accclerated point depends necessarily on the prin- 
ciples of the Integral Calculus, as explained in Article 9. 

-Torricetui, burn 1608, died 1647, was a disciple of Ga- 
lileo, and wrote a treatise De Dimensione Parabola, with an 
appendix Je Dimensione Cycloidis. Dr. Hutton says, that 

orricelli “first shewed that the cycloidal e is equal to 
triple the generating cirele (though Pascal coutenie that 
Roberval shewed this); also, that the solid generated by the 
rotation of that space about its base, is to the circumscribing 
cylinder as 5 to 8; about the tangent parallel to the base, as 
7 to &; about the tangent parallel to the axis, as 8 to 4,” &c. 
(Sce Descantrs.) 

Cavatirnt, a disciple of Galileo, and friend of Torricelli, 
published in 1635, Geometria Indivisibilibus continuorwn 
novd quddam ratione promota, 4to., Bononiw. This work, 
which obtained for the author the credit in Italy of inventin 
the Infinitesimal Calculus, proceeds by division of seomiattical 
figures into indefinitely small parts. 

Ropenrvat, in 1646, determined the centres of percussion 
and centres of gravity of sectors of cylinders and circles, &c., 
by methods equivalent to Integration. From the letters of 
Descartes, it appears that these discoveries were subjects of 
controversy between him and Roberval Roberval’s Treatise 
on Indivisibles, uppeared in 1666, in the Memoirs of the 
Academy of Sciences at Paris. 

Descartes, burn 1596, died 1640, determined the centres 
of gravity and centres of oscillation of various curvilinear 
figures. lis method of demonstrating the proposition re- 
specting the cycluid, referred to in the preceding notice of 
Torricelli, is an excellent instance of the geometrical investi- 
gation of the quadrature of curves. The following is an 
extract from a letter from him to Father Mersenne, in 1638. 
(Lettres de Descartes, tome iii. page 384, Paris, 1667.) 

“ You commence by an invention of Monsieur de Roberval, 
respecting the space included by the curve described by a 
point of the circumference of a circle supposed to roll on a 
plane; with respect to which, I acknowledge that I have 
never before thought of it, and that the observation of it is 
pretty enough. But I do not see that there is reason to 
make so much noise at having found a thing which is so 
easy, and which any one who knew ever so little of geometry 
could not fail to find if he sought for it. For if ADC be 
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this curve, and AC a straight line oy ber to the circumference 
of the circle STVX, having divided this line AC into 2, 4, 
8, &., equal parts, by the points B, G, H, N, O, P, Q, &c., it 


D 





is evident that the perpendicular BD is equal to the diameter 
of the circle, and that the whole area of the rectilinear 
triangle ADC is double of this circle*. Then, taking KE for 
the point where the same circle would touch the curve AED, 
if it were placed on its baso at the point G, and taking also 
F for the point where it touches this curve, when it is placed 
on the point H of its base, it is evident that the two 
rectilineal triangles AED and DFC are equal to the square 
STVX inscribed in the circle. Similarly, taking the points 
I, K, L, M for those where the circle touches the curve when 
it touches its base at the points N, O, P, Q, it is evident 
that the four triangles AIE, EKD, DLF, and FMC are 
together equa] to the four isosceles triangles inscribed in the 
circle SYT, TZV, VIX, and XQ8; and that the eight other 
triangles inscribed in the curve on the sides of these four 
are equal to the eight iuscribed in the circle, and so on to 
infinity; whence it appears that the whole area of tho two 

ents of the curve, which have AD and DC for bases, is 
equal to that of the circle; and, jue ree h the whole area 
contained between the curve ADC and the straight line AC, 
is triple that of the circle.” 

Greoory (St. Vincent) of Bruges, published in 1647, 
0 Geometricum Quadratura Cirewli et Sectionum Coni. 
He showed that the space between a hyperbola and its 
asymptote is divided into cqual portions by straight lines, 
which divide the asymptote into parts in geometrical pro- 
gression, and which are parallel to the other asymptote, 

Fenuat, who died 1663, was author of a “* Method for 
Quadrature of all sorts of Parabolas,”” and a treatise on 


* By a property of the circle mentioned in the notice of Euelid, 
B83 
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Maxima and Mivima, in which problems concerning the 
centres of gravity of solids are solved by a method ré- 
sembling Newton's Fluxions. 

Huyorns, in 1651, published Theoremata de Quadraturd 
Hyperbole, Ellipsis et Circult ex dato Portionum Gravitatis 
Centro; and in 1658, at the Hague, his celebrated Horolo- 
gium Oscillatorium sive de motu Pendulorum, in which he 
states that he was the first discoverer that a certain segment 
of the cycloid is equal to a regular hexagon inscribed in the 
generating circle. He showed that the time of oscillation of 
the cycloidal pendulum is independent of the extent of vi- 
bration, and frum the principles of the pendulum measured 
the effect of gravity, by which he showed that a bedy 
deacended vertically from rest in vacuo, in the latitude of 
Paris, 15 French feet in one second, 

Watrsis, in 1655, published his Arithmetica Infinitorum, a 
great improvement on the Indivisibles of Cavalieri. Wallis 
treats of quadritures, and gives the first expression for the 
qtiadrature of a circle by an infinite series in this work, 
“in which,” says Professor De Morgan, ‘a large number 
of problems of the Integral Caleulus is solved, and which 
contained more hints for future discovery than any other 
work of its day.” 

Neat, in 1657, made a remarkable step in the Integral 
Calculus. He appears to have been the first person who 
determined the exact length of any curve. Wallis, in his 
Treatise on the Cissoid, states that Neal's rectification of the 
soni-cubical parabola was published in July or August, 1657, 

Van Havrest, in Holland, in 1650, also gave tho rectafi- 
cation of the semi-cubical parabola, as appears from Schooten’s 
Commentary on Descartes’ Geometry. 

Greaory (James) published, in 1667, Vera Cireuli et Hy. 
perbola Quadratura, to which he added in the year following 
Geometria Pars Unirersalis, of which the method resembles 
that of Roberval’s Indivisibles. 

Dr. Bannow, in 1670, published his Method of Tangents. 
Ho died in 1077, and the year following appeared his demou- 
strations of Archimedes’ properties of the Sphere and Cy- 
linder, by the method of Indivisibles. 

Lxipxitz, in 1684, gave in the Leipsic Transactions an 
account of his Differential Calculus. It is agreed that this 
was the first time that this grand discovery appeared in print; 
though in the celebrated controversy which arose as to his 
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claim to the priority of this invention, a Committee of the 
Royal Society decided that “Sir I. Newton had even in- 
vented his method before 1669." hod evar opinion of 
modern mathematicians appears to e to Leibnits the 
inerit of an independent discovery, and to exempt him from 
the charge of plagiarism. 

Greoory (Davin) published, in 1084, Exercitatio Geo- 
matrica de Dimensione Fiqurearum, 

Newron published his Principia in 1087, the most memo: 
rable year, therefore, in the annals of science. Tho doctrine 
of limits, conceived and applied in the earliest periods of 
mathematical research, had been rapidly growing in import- 
auce at the time of Newton and Leibnity. The great ate 
made by them consisted in connecting the idea of limits with 
a specific notation, and in erecting into a regular system @ 
science which before their time had been exhibited only 
in isolated theorems. <A large part of the results of the 
Principia are demonstrated by geometrical methods equiva 
lent to Integration. Newton's Method of Fluxions was firet 
published in 1704, subjoined to his treatise on Optics. 

Mercator (Nicnonas), in 1688, published his Logarith- 
motechnia, and is stated to have been the first person who 
ever investigated the quadrature of curves analytically, This 
he did in a Demonstration of Lord Brouncker’s Quadrature 
of the Hyperbola, by Wallis’s inethod of reducing an alge- 
breical fraction to an infinite series by division, 

By the English contemporaries of Newton, tie Integral 
Calculas, a Dillerential Coefficient, and an Integral, were 
called the Inverse Method of Flaxions, a Fluxion, and a 
Fluent respectively. ‘The notation and phraseology of fluxions 
is now almost obsolete. The methods of Exhaustions, Prime 
and Ultimate Ratios, Tnfinitesimals, Indivisibles, Residual 
Analysis, Avalvsis of Derivations or Derived Functions, and 
of Limits, are different appellations which the seme subject 
has at different times received. 

From the time of Newton and Leilsitz the Integral Cal- 
culus rapidly advanced. Its progress was in a great deg 
due to John and James Bernouilli, who published a large 
number of memoirs on the subject; to Maclaurin, whose 
Fluxions appeared in 1742; to Cotes, whose Harmonia Men- 
surarum appeared in 1722; to D’Alembert, who gave Memoirs 
on the Ogoaius in the Paris and Berlin Memoirs; and to 
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Euler's great work, Institutio Calculi Integralis. Petr. 1768, 
8 vols. dto. 

The analytical part of the In Calculus consists in 
redocing integrals to forms by which their numerical values 
may be computed. This computation is usually facilitated 
by the common mathematical tables of sines, cosines, loga- 
rithms, &. But many integrals cannot be found by these 
tables. In order to compute such integrals, other tables 
have been constructed, of which the principal are called 
Tables of Elliptic Integrala, from their relation to the length 
of elliptic arcs. 

Faonano, in his Produzione Matematiche, 1750, investi- 

ted a remarkable theorem respecting these arcs, which 

his name, and shows how the length of two arcs may 
be taken so as to differ by an assigned algebraical quantity. 

Evurr gave to the world some of the most important dis- 
coveries which constitute the basis of this branch of the In- 
tegral Calculus. In 1761 he published, in the Petersburgh 
Transactions, the complete integration of an equation in- 
volving two terms, each an elliptic function not separately 
integrable. Jsuler also invented the class of integrals which 
are known as Eulerian Integrals. 

Lanven, in 1775, published his theorem showing that any 
are of a hyperbola may be measured by two arcs of an 
ellipse. 

Lagrance's Memoirs in the Turin Transactions, in 1784 
and 1785, greatly extended the subject of elliptic functions 
in a part of it which Euler had not discussed, and rendered 
the deterinination of numerical values of elliptic functions 
very complete. 

Lecrenpre undertook the task, involving immense labour, 
of computing a greatly-extended series of tables. The second 
volume of Legendre’s great treatise on elliptic functions, to 
which a large part of his life had been devoted, appeared in 
1827. To him is attributed the ment of giving to the sub- 
ject that systematic arrangement and connection which con- 
stitute it a separate science. 

Jaconi, Professor of Mathematics in Koningsbarg, puab- 
lished shortly afterwards, in Schumacher’s Journal, his re- 
searches on elliptic functions. His principal object was the 
investigation of certain general relations of these functions, 
of which the investigations of Lagrange and Legengre involve 
particular cases. lies 
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Asrt, Professor of Mathematics in Christiania, gave in- 
vestigations of the subject in Crelle's Journal, in 1827. He 
arrived independently at many of the important discoveries 
of Jacobi, and contributed valuable theorems respecting what 
are called ultra-elliptic functions. ‘The works of Abel, who 
died at the early age of 27 years, arc esteemed amoung tho 
most important contributions to modern analysis. 

For some account of modern discoveries in Calculus, the 
reader may be referred to Moigno's edition of Cauchy's Lecons 
de Calcul Différential et de Caleul Integral, 1844. 

Among the best known general works on the Integral Cal. 
culus are the following :— 


Bosaut, Cal. Diff. et Integral. Paris, 1798. 
Boucharlat, Differential and Integral Calculus, Eng. Tranalation. Cam- 
bridge, 1828. 
Carnot, Metaphysique de Calcul Infnitesimal. Paris, 1796. 
Cauchy, Legons de Cal. Diff. ct Int, Vol. 2, Caleut Integral, Paris, 
1844. | 
Condorcet, Calcul Integral. Paris, 17065. 
Cournot, Des Fonctions et du Calcul Infinitesimal. Paris, 1841. 
De Morgan's Diff. and Integral Calculus. London, 1842, 
Duhamel, Cours d’Analyse. Paris, 1847. 
Buler, Institutiones Calenli Integralis. Petersburgh, 1792. 
Gregory's Kxamples on the Diff. and Int. Cal. Cambridge. 
Hirsch, Integraltafeln. Berlin, 1810. 
Lacroix, Calcul Diff. et Integral. Paris, 1797. 
Lagrange, Lecons sur le Calcul de Fonctions. Paris, 1806. 
Landen’s Residual Analysis. London, 1758. 
Legendre, Exercices du Calcul Integral. Paris, 1816. 
Traité de Fonctions Elliptiques, 1825 - 8. 
Littrow, Anleitung sur héheren Mathematik. Vienna, 1836. 
Mending’s Tables of Integrals. 
Obm (Martin), System der Mathematik, 1833.51. 
Raabe, Die Differential und Integral Rechnung mit Functionen Mehrerer 
Variabeln. 
Bchlimlich, Handbuch der Difforenzial Rechnung, 1847. 
Taylor, Methodus Incrementorum. London, 1715. 
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SECTION III. 


DEFINITIONS.-- GENERAL, PRINCIPLES OF INTEGRATION. 


AL. Quarririrs aro said to be functions of one another, if 
their values depend in any manner on each other. Tho 
letters I’, f, @, &c., prefixed to quantities, are used to denote 
functions of them. A function of several quantities is ex- 
pressed by writing the letters J", f, &c., before them all sepa- 
rated by commas. 


12. A variable is a symbol of quantity to which different 
values may be assigned. 


18. An independent rariable is a svmbol of quantity, on 
the value of which the value of a function of it is considered 
dependent. 


14. A limit is the exact value which a function approaches 
nearest, as the variables on which it depends approach assigned 
values. 


1%. Lhe limit of a finite continuous function of several 
quantities ts the same function of their limits, or if y,, Yo J, 
w+ bo the limits of 4%, yy y, ... respectively, 


limit o 


where f means ‘any finite continuous function of." 

A continuous function is one such that the series of opera 
tions denoted by it when performed on more and more nearly 
equal quantities, produce more and more nearly equal results ; 


Hy 000) SCs Yas Tg vee) cvseee (2), 
is smaller, as y,, ¥,. 9, &c., are more and more nearly equal 


to ¥.. Fy Ys &e., respectively. Therefore, the limit of the 
finite quantity (2) is zero, or 
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limit of f {(9,5 Yo 9s 0) —S (Yur Yor Yo -00)} om 9, 
from which equation (1) immediately follows. 


16. The quadrature of a finite continuous fanction of one 
variable having a limited range of values is the sum of aie 
ducts of successive values of that function, each multiplied 
by the differences between the corresponding value of the 
independent variable and the next preceding or succeeding 
value. 


17. The integral of such a function is the limit which its 
quadrature has when the differences of the independent vari- 
able approach zero, and their number approaches infinity. 


18. Let f# denote a finite continuous function of #, and 
let b, and 6, be two constant assigned values of 2. Also, let 
I, 2, #,.. @, be any successive intermediate variable values 
of x. ‘Then tho quadrature of fz is by the definition, either 


or fb, (c,—b,) + fe (2, - 2) + fr, lt,—7,) 4... + F2,(b,—2,). 


The integral of the function is the limit which these serios 
approach when the differences 2, —,, 7,—r,, &c., approach 
zero, and their number infinity. 


19. In Art. 7, let » be the abscissa, measured from B 
along BC of any point in the curve BA, and let_/a denote the 
corresponding abscissa. Then it is clear that the differences 
a,—6,, 2,—2,, &e., denote the breadth of the rectangles 
drawn in the figure, and fz,, fr, &o., the corresponding 
altitudes. Hence, the several terms in the foreguing series 
denote the areas of those rectangles, and their sum is au 
approximation to the curvilinear area ABC, whence the term 
quadrature is derived, since that quantity expresses approxie 
mately the nuuwber of square units (square feet, square yards, 
&c.) contained in ABC. Also, the integral is the exact area 
ABC; for the magnitude of this arca is between the magni- 
tades of the inscribed and circumscribed figures. Bat the 
difference between the two latter magnitudes has the limit 
zero. A fortiori, the curvilinear area differs from either of 
them, by a magnitude which has the limit zero. 
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As the figure last referred to is drawn, the initial values of 
@ and of fa are both 
supposed to be zero. If, 
however, they be finite 

itive quantities, the 
integral represents an 
area such as abed, where : 
o is the origin from which 
the abscissm are drawn, 
and 

pez bh, bex fb, 


ab, and od=fb,. ° q 


20. Both expressions for the quadrature in Article 18 have 
' same limit, if fz have only one finite value for each 
lue of # from 6, to b,, for then they differ by the quantity 


(fa, —fb,) (a — b) + (fa, —$%,) (@,— 2,) + 
(fia, — fy) (®3— @,)+ 0. +( fb, — fa,) (6, — #,). 


Let Ax bo the greatest of the successive differences of # 
in the preceding quantity, which is therefore less than 


(fz, — fbjaz+( fa, — fa)Aa+ ... + (fb, — £2,) 42, 


which expression is equal to (/6,—b,)42z. This, there- 
fore, is the difference between the two quadratures; but if 
fb, and /6, be finite, /b,— fb, is finite; Az is zero in tho 
limit. “Therefore, the difference between the two quadra- 
tures is zero in the limit, ¢.¢., they have the same limit. 


21. The preceding article is exactly illustrated by the 

Lemma iii. of Newton's Principia, which is as follows (sup- 
ing all the parallelograms spoken of in the original to 
rectangles ) :— 

In the plane figure bounded by the curve AF and straight 
lines AA’, AF, at right angles to each other, are inscribed 
any number of rectangles AB’, BC’, CD’... on un 
bases AB, BC, CD..., and the rectangles AB”, BC”, CD” 
-». are completed. If the breadth of these rectangles be 

* diminished, and their number increased indefinitely, the in- 
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scribed figure AKB’LC’MD’NE’E, and the circamscribed 
AA‘B’R'C’C' D’ DE” EF are ultimately equal 

For let Af be equal to | 
the greatest breadth 
of the rectangles, and 
complete the rectangle 
Af’, then this parallel- 
ogram will be greater 
than the difference be- 
tween the inscribed 
and the circumscribed 
figures. But when 
its breadth is dimi- 
nished, it will be less 
than any assignable 
vantity, and, therefore, & fortiori, the difference between 

e inscribed and circumscribed figures will be less than 
any assignable quantity, and, therefore, they are ultimately 
equal. 

22. When fa continually increases or continually decreases, 
as # increases, the value of the integral is between those of its 
quadratures. —‘Virst, let fz continually increaso as » in- 
creases, then the integral is Jess than the first quadrature, 
Art. 18; for let 2 and 2” be any two successive values of 
x, then one of the terms of thia quadrature is Sar’ (2 — a’). 

Now, take a value 2, between 2’ and 2”, then tho term 
in question is replaced by 

SB, B) + fa ia!” — 2}, 
which is less than the term just mentioned by 

(fx! — f2,) (2, — 2’), 

& quantity which is positive, since faz” is always greater 
than /2’; therefore, the effect of increasing the number of 
terms is to diminish the quadrature. But as the number 
of terms is increased, the value of the integral is more and 
more nearly approached ; therefore, the integral is less than 
the first quadrature. 

Similarly may it be shown that the integral is greater than 
the second q ture. 

The same reasoning may be applied when the function /# 
continually decreases as 2 increases; therefore, in either case, 
the integral has a value between those of its quadratures. 
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RB, The symbol of integration is fs which derives its 
form from’ the initial letter of the word Summa, or fum. 
Tho integral of a function fe of a variable 2 is written 
Sfa.du; where the limit of the difference between two suc- 
cessive values of 2 is represented by da, which is, therefore, 
differential, or diminished without limit; and f2.da is the 
general form of the limit of any term of the series in Art. 7, 
and is also differential. 

24. The limits of an integral aro the two constant assigned 
values of the independent variable J, and },, in Art. 7. The 

ter and less of these values are frequently designated 

6 superior and inferior limit respectively. 

25. When the limits of an integral are expressed, or 
defined, it is said to be desinite; when they are not defined, 
indefinite. In the first case, tho integral is said to be taken 
between limits, The usual way of expressing this symbolically 
is, by writing the superior limit above, and the inferior below, 


I) 
the symbol of integration. Thus, /, ‘fede is the integral 
* ' 
of fx, betweon limits 4, and J,. ® 


20. The value of the integral is independent of the differ- 
ences of the independent variable in tha quadrature. For the 
limit of the quadrature is, by Art 14, an exact quantity, there- 
fore it cannot depend on the values 2,, 2, #2, ... %» nor their 
differences, which may be altered arbitrarily. Also, it ig 
evident that the integral does not involve any other values of 
z, except 6, and 4,. 


b wh 
Coronary. Hence /, ‘fada = /, "fads, where # is 
a k ta i 


any other quantity than 2. 


27. The sum of definite integrals, the inferior limit of each 
being the superior limit of the next. If the series in Art. 15 
were continued to the right, to the term in which # = 6, 
the limit of this additional part of the series would, by the 


preceding definitions, be ; "Se dz. Alao, the limit of the 
wholo series, including the additional part, would be 

fire .dz, But this whole series is the sum of that written 
in Art. 18, + the supposed additional part. Hence, 
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by é fh 
[rsa fepeier {irene 
Similarly, 


bn é, a, 
i, fede =f,” fa.da +f, Sadat we 


h, +b, 
de fa.dz +f, fordz. 


28. An Integral between limits ts the difference between tio 
; & 
ralues of the same function. By Art. 26, /, "fa dx is inde- 


@ 
pendent of all the values of 2, except b, and b,. Therefore 
this integral may be put equal to F (b,, b,), some function 
which contains no value of 2 except b, and b,. Similarly, if 
the form of this function be general, that is, capable of repre- 


: once b 
senting the integral for all values of the limits, /, Sadus 
F (6,, 6,). Hence, from (1) Art. 27, transposing, 


b 
S;, fn. daw =z ¥ (by b,) — F (by 4); 


“b 
but /, “fx dx involves no other value of 2 than 4, and 4,. 


ee 
Therefore 4, disappears from tho lust cquation, which, conse- 
quently, may be written 


*B, 
/ fo.dr=Fb—F4b,; 
t 


3 
. ‘bs by 
COROLLARY, / Se dra — fi sada, 
t 's 3 


29. By Article 26, the valuo of the integral ia independent 
of the differences 2, — 4,, 2, — »,, &c., in Art. 18. We may 
therefore suppose those differences all == } a, no that 
(ns + 1)@e=b,—b. Then, by Art. 28, 


limit of (/2, + fx, + fz, +...+/a,+/b,)izmPb, — Fb, 


The namber of terms in the parenthesis is n+ 1. Now 
suppose, first, that the /w is always positive; and let fa 
be its greatest, fa’ ite least value between the lintits; 
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then fz’ is greater and fa’ less than any other of the 
terms in the parenthesis. Hence (n + 1)/#' is greater, 
and (nm + 1) fa’ is less than their sum ; 


“(Rn +1) fa la>Fb—Pd; (n +1) fa Iae<Fb,— Fb; 
or, putting (n + 1)t2 =h; Afz’ > Fb, — Fb,; 
hfz! < ¥b,—F4,. 
There must therefore be one or more values of # between 2, 
and 4,, for which Afz=Fl,—¥6,. But this intermediate 
value of # must also be between 4, and é,, since z, may be 
taken as near 4, as we please. ‘Therefore the intermediate 
value in question may be expressed by 4, + 64, where @ is 


some positive proper fraction. Hence, since we have sup- 
posed J, = b, + 4, wo have the formula 


Af (b, + Oh) =F (b, +h) — Fb, = fs. de 
s 


Tho same conclusion would be arrived at if fx were sup- 
posed to be always negative. Hence the formula is true 
when fz is either always positive or always negative be- 
tween tho limits 4, and }, + A. 


30. The following is a geometrical illustration of the 
formula hf (b, + @h) = 


“a 
Dae: dx. oe 

| : 
Let fx represent, as in ; 
Art. 19, the ordinates of the 
curve a, and x its abscissa, 
measured from o ulong 
od; oc=b,, od =b, +h; rs 
“. edsxh. Also be = fb,; j 

6 ¢ ¢ a 


ad=f{(b,+h). Then the 
»b+hb 
area abcd = bs f{xdx. Now the formula asserts that 


between be and ad there is some intermediate ordinate repre- 
sented by fe in the figure, and by f(b, + @h) in the formula, 


such that fe x cd = area abcd, a proposition which, from 
iene siete cee 
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8h. A Function is the differential coefficient of its Integral 
Dividing by 4, the result in Article 29, 


J (by + Oh) me Lt AD = FP, 


Taking the limit of both sides of this equation, when 4 has 
the limit zero, 


Sb, = differential coefficient of F b,, 
the definition of a differential coefficient. Hence is seen 


t INTEGRATION I8 THE OPERATION INVERSE OF DIFFEREN- 
TIATION. 


$2. The integral of the sum of several functions between 
given limits = the sum of the integrals of the several func- 
tions between the same limits, Let the several functions be 


SS, % rn 
b, . , 
; f,edz= limit of (f,2,4+/,2,+ 1,25 +--S,8,) da 
" 
s : 
S, "faa dz = limit of (/,2, + f,2%, +fi,%3 + 0 Sgb,) de 
1 
Sf dx = limit of Cf, + fats + fit, + if byez 


b, ly, thy 
Adding, dz + wadt+...06+ ad 
ings f, fe Sf + St @ mx 
limit of {(he, + hat. tz) + ast Sitet +a) + 
he. + (pte theta to +fe)} tax 
b 
S, fe +S, to + fue) de. 
r] 


33. ee 
given limits = the integral of the function multiplied 
constant between the same limits. Let c be the constant. Re 
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é 
ef, ‘fe da xc limit (fa, + fa, + fa, +... + fb.) 3x 
3 
ax (by Art. 15) limit of (cfa, + cf#, + cfz,+ ...cfb,)da 


b 
=f ‘cfa de. 
bs 


‘b 
34. Lo show that I "y dz + [vay = b,c,— be, if 


e af 
ybea function of x, and have the ealues €,, ¢,, when u has the 
values b,, b,, respectively, Yi, Yor Yao Yn being BUCCESSIVO 
values of the function y and w,, «,... ¢, of u, wo have, by 
Art. 18, 


b 
Sj, "y du ex limit of {c,(u,—,) + y, (uy— &,) + 
1 
Y_ (iy = Hz) bon + Hn (by mm Hy) F 
for dy = limit of {«, (¥,—¢,) + 


af’ 
u, (4, = 91) bee POM, (Ya —~ ¥a-:) + b, (¢, — ¥u)}. 


By adding together the quantities in the { }, it will be found 
that all in exch line except one appear in the other line with 
contrary signs. So that the sum in question is reduced to 
b,c,—~46,¢,. Hence 


“h ¢ 
‘ydu + f ‘udy az b,0,—~ b,¢,. 
e be al 
85. The conclusion of Art. 84 may be arrived at from geo- 
metrical considerations, as follows: 
Let AB be a curve re- y 
ferred to, Ow», Oy as 
axcs of co-ordinates. Let 
OC = 6, OD = 4,. 
Then the area ABCD = 
vb, 
wda. 


In the same way, if 


OX =m ¢,, OF = ¢,, the 


arta AREF ox ff “edy. 
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Therefore St; a dz +- af “edy = figure AFEBCD =z 
B, C; 
rectangle AO — rectangle BO = b.0, — b,¢,. 


3. To determine _[ dz. Tn the first equation, Art. 29, it 
is not necessary that fx should be variable. Let it a 1. 


Then limit of (22 + 2+ ... + 32) a faz. 


' 


But, evidently, the left-hand side of this equation sl, — 4,, 
~) 
S bebo x "da. 
3 ae ie ae 
87. If 2 and y be functions of each other, 20 that 


Sf, fade =f. 98 Kh) sad aed nen Yc 


then fada = oy dy. 


For let (Art. 28) tho first of these integrals = Fa — Fb, 
and the second = @y—%c. Then 


Fa—Fh= oy — o¢. 
Let # become # + 22 when y becomes y +éy. Then 
F(a+er2)— Fb O(y + dy) — Oc. 
Subtracting the last equation from this, 
F(z + ia) —Fe=O(y + dy) — oy, 


F(ztts)— Fs _otiv)—ey dy, 
a y Fi ooo). 
Now this equation is true, however small 2z and dy may be; 


therefore, the limits of both sides (corresponding to the limit 
zero of ta and 2y) are equal; or, by Art. 17, 


dy dz 
ja am PITS or Ia, = fy TEeTrerirty (A), 


whence, fada =m Oy dy. 
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88. To prove that if fzdz=¢gydy, and x be equal to 
b, and b, when y is equal to c, and c, respectively, then 


b, ts 
St fadz =f. oy dy. 


b mz) 7) 
For let S, fadz =f. oy dy +f. eydy, 
then, by the last proposition, fz = oy + 9,¥- 
But by the hypothesis fz = ¢y, 
“Oye O, f'eydy sx (), 


for this last integral is the limit of the sum of a series 
of which the terms are all absolutely zero; 


wf, fads = fey.dy= f"( se FZ) an by, 


89. From the preceding article follow many important re- 
lations among definite integrals. For instance, let y+ oa == 2; 
then ¢,+a=b, ¢,+a=b, dy=dze; .. fax=oy= 
JS y ~ a), and the formula becomes 


"b, Cy b,—a 
I Sly —a)dy =f. at aad feed ae 


Now in the first of these integrals we may, by the Corollary, 
Art. 26, write y for 2. Therefore 


b, aa f b,-a d , 
Ss Sf (2 — a) = teed PES wivecisseiaess seve. (1) 
Similarly, 
b, i,+e 
S, f(a +a)dz =f... SBE rvrescsceeere (TL) 


2 " 
f Sb—sde= f, feds CRO ShE whe waners (IIL) 
Putting y— a = # and b,—y = # successively. 
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’ b, _ —b, f ° 
Puttingy=—<; f, fadx =f", fimade (IV, 
And generally, if z= Jy, whence y= pa, de=b'ydy, 


. b 
fade = . Siba)Vaede vienwaael Vs) 
b, hi a Hb, 


40. Indefinite Integration. We have shown that if 

function can be integrated between any limits @ and) 

its independent variable, the integral is of the form F(a) — 
F(6). There is a large class of functions which cannot bo 
thus integrated between all limits, or of which the general 
tategral cannot be found. The first part, however, of the 
science of integration, is contined to the investigation of 
general integrals. Our object is. therefore, to find the form 
of the function F, which represents tho result of the inte- 
gration of the function (© It is not necessary for this pur- 
pose to find Fa — FA, but, simply, Fa, from which Fa — Fb 
may be found by substituting @ and 4 snecessively for z, and 
subtracting. In the following chapter, therefore, F.c alone is 
required. 


Corottary. It follows that the formula of Art 34 may 
be written 


Sy du + fu dy=uy, or fy dusmuy —fu dy. 
4}. Thfferentiation of Integrals. 
From (a) and (8), Art. 37, it fulluws that 
d f« ‘d se 
5S, Sx dxz= fx =f ji Sedz or, writing a for x, 
d 4 a 
ron ada = fa; or, by corollary (Art. 26), 


d ta 
a Sxdz= fa. Also, 


ad v4 


d wb 
S eemieeerl Sa we come bh. 
WES fudz at, fudz Sh 


From the first of these equations, it appears that the 
differentiation of an integral may be performed under the 
sign of integration. 


fr 
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SECTION IV. 
FUNDAMENTAL INTEGRALS. 
42. To integrate a'dx where a ts @ positive finite quantity. 


By Art. 15, putting a, = b, + 3a, a, =), + 2de, ke, 
a,b, + nda, bomb, + (n + 1)d2, 


b 
Sf, *a'dz 

4 

w= limit of (att 4 git2dz 4 ght lot Mey gy 

es limit of ai t?* (1 4 a?* + a??* + ,.,, a?) 32 


git lary 








ex limit of ait ?* 3x 
aay — 
== limit of ml (ahr t de me ead eer wel) 
are a 


Now the quadrature of which the limit is here to be taken 
18 finite, wince all the quantities are finite. By Art. 22, the 
integral of such a function as a* has a value between those of 
the two quadratures, from which it may be obtained. But 
the quadratures evidently may here be finite quantities with 
the same sign. Therefore, the integral between them is not 
zero, nor infinite. 
én * 


It follows that in (1) the limit of —-—— is some exact 
a 


function of a. Call it A. Then taking the limit of (1) 
b 
S, ‘adam A(a’ —a't), Also, fae ds = Aa’. 
t 


If A be such a function of a that A=: 1 when a has some 
value €, fe de ecat 
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Also, fa’ dx == fede = 





1 
fograt et" aloe, a. 2) 








log. a logy a 


43. To integrate =. Let # =e’, and when y = ¢, ¢,, ¢,, 
let x =: 4, b,, b,, respectively. Then 


t—bee—e, 


bute—be ff “de, and cade fl edy, 


by Art. 36, and the last article respectively. Hence by 
Art. 37, 


dz 
= y ry go — = ; 
dz=e'dy; 5 dy 
Therefore, by Art. 38, 


b, e 
te = =/. dy=c, — ¢, = log, b, — log, b,, 


since ife@=e’, y=log x. The indefinite integral is 


fz ai : 
P 7 08, &. 


44. To integrate af, where a is a finite constant and « 
variable. 


Let y= 2"t!, or log y =(a + 1) log 2, a having any 


real value except — 1; when y=c, orc, ore,, let e=zb, or 
6, or ,, respectively. Then 


log, y — log. ¢ = (a4 + 1) (log, 2 — log, 4). 


By the last article, log v — log, ¢ == f " “, 


d 
and (a + 1) (log #— log, )=(a +1) f° = 
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dy dz. 
Then by Art. 87, Pie (a + \)—; 


dz l 
e — neu +1. .*, ‘silastic = . 2 
, dy (a +1) — ziti. rere tad dz. x 


b, 1 Cy I 
Hence /, a. de = iS aaa y (2 — &) 


: (c,t+) — ¢,4+!), Also, f atde = ilian 
a+1*? , gees a+} 


45. Jown Bernoviiii's sertes. By repeated integration 
by parts, and Arts. 37 and 44, we have, 


f- Xde=xr— f° eX de 


x rdxX % {" we? dX ae 
sme km Oe Rg ig 
2dx Jo 2 da 














z2dxX a d?X {* a? d°X 
a” O 


KM Gwe ee eeeici Vag 
se Ldz 2.3 dz 2.3 dx" . 
ax &c. 
wv’ dx ae d?X a d"X 
= Xe— nf Ot al 
Y da 2 3h dx? Pt) ae 2.3.4... 4.. Mm ‘dx* 


On the second side of this equation all the quantities are 
taken between the required limits z and 0; since cach is zero 


a _ aX d'x 
for the latter limit; X, ds’ da’ .. being supposed to be 


always finite. 


If the last term of this series become zero when n ig 
sufficiently increased, we have 


“*xd Xz a ae =o ad infinitum 
S, et Qde § 23dzx i ~" ° 


By Art. 29, 
x 2" 
af (bx) =f. fads. Put 2.3.4.7 ae oz fa. 
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Hence, a criterion that the last series may be continued 
ad infinitum, is, that f(§2) become zero when n is suffi- 
; x* d*X 
ciently large, or that then a Ree ign =? for all values 
of x between the limits # and 0. 


46. e€ is the base of the Napierian logarithms. By Art. 42, 


Seds= e* eeteveesgerecreoeeesedsevease eevee (1.) 
1 fem dam—feTd(—2) = — eo. (2.) 
Therefore, in Bernouilli's series (Art. 45), if 
ee dX eg d?X 2 
X=€ , ---m—€ ~~~ moe € , ke, 
dz ’ dx? ae 


THlence the series becomes 
t ns x* x’ ?} r 
€ da — : an eRe pe was ry cs as 
f, eer Pacman Sa ae Rs el 


For all values of z1in this series the criterion of Art. 4% 
1s satisfied, so that the series may be continued ad infinitum. 
The first side of the equation by (2) is equal to — e-* taken 
between limits 0 and 2, or = ~ (e7* — 1 

zx? an’ 
mn €~* ests ] = § x i eres re * 2 
( y=jety teat i ~ 
Dividing by e~, and transferring one term to the second 


side of the equation 
% 3 


z a 
Cea a a 
In this equation putz=1. Then 
1 1 
1 a of, 
Tae a ag aa 
Therefore, ¢ is the base of the Napierian logarithms. 


80. INTEGRAL CALCULUS. 


47. To integrate sin ada. I, + sin we = limit of 


e § 


{sin (b, +22) + sin(d, + 23x) +...4+sin(, + +1. 32)} ta, 
where Lb, = b, + (n + 1)3z. 


By a known trigonometrical formula, 

cop (A — B) — cos(A + B) = 2sinA sin B. 
Therefore, putting B = $22 
Qsin(d, +32)sin 4 da = cos (4, + 482) — cos (b, + $22) 
Q sin (b, + 232) sin dde= (cos b, + 32x) — (cosh, + 5dz) 


“Adding these equations, 
Qein } dx {sin (b, + dv) + 6in(b, + Iz) +... 
+sin(,+n+132)} 
= cos (1, + 9 dz) — cos(d, +n + 4 dz) 
= cos (4, + } dx) ~— cos (b, + L382); 


7; 
f *sin eda == limit of 
a/ 5, 


lia ed Harel ld SOP 


eat 


sin } ex 


Assuming the demonstration given in the subsequent sec- 
tion on Rectification of Curves, that the limit of 3 ¢¢ > 
sin $22 = 1 when ¢# has the limit 0, we have, 


b 
[, ‘sinade m cond, — coed, Also, {sin ade m— ove. 
J 6, 
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48. To integrate cos ada. f, *cos ada am limit of 
af O% 


{cos (, + 32) + cos (b, + 232) +... cos(b, +n + Lda)} dy, 
where 4, = b, + (n + 1) dz. 
Ry the trigonometrica] formula 


sin(A + B) — sin(A + B) = QcosA sin B; 
we have, putting B = 4fxz, 


2 cos (4, + dz) sin } da = sin (4,4 $37) — win (6 + 4 dz) 
2 cos (6, + 2d2)sin gee == sin (+, + 33x) — sin(d + 43 dx) 


“. Rein } dx {cos (+, + dx) + cos (b, + Vox) + 
cos (4, + 33x) +... + cos (b, +n + 1dx)} 
= — sin (b, + bdr) + sin (2,+ 422), 
wh 
os /, cos da = hmit of 
* 1 


win (6, + § ex) — sin (6, + $42) 


Voie oz sin / ind 
- h Ps SIN}, —— BIO 
sin 4 de : a " 


patting limit of }32c+sin tee = 1, a8 in the last article, 
Also, f cos dc = sip z. 


This integral may be obtained immediately from the pre- 
ceding article, for 


[cosada = — [sin (G-*) a(j-*)= 


(by the last article) cos (5 _ ) == gin 2. 
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adz cosadz Q.. 
49. To integrate ———- and —-;—. Since § 
cos? a sin? 


Ssinadz= —cosr, .«.dcosz = — gin zdz, 
. sin eda ade "dcost 
Par | sxe = =f by Art. 44, 
? cos’ & cos’ x cos 


Ee ‘cos rd ax l 
50. Similarly, Fee oe ee 


J sine gin @ 











51. To inteqrate (L + tan? x2) da. 








, sin? ada sinzdcos2 
tan? eda = Lan Ee ee ee dd, 
cos? 2 cos? 2 
d cos x 


if y= sinawand du = 





cCos* 2 


; J 
» by the last article « =— — also dy = copadz. 


Now, by Art. 40, Jydu = yu — fu dy, 


—_— s1 = cos rd x 
tan? zdxz = ——-. — ————— == fang — 2%. 
a 


COS FT  «. COS & 


Therefore, /(1 + tan’r)dg =a + Stan? adz = tan 2. 


2, Similarly, [A + cotan’a2)dz will be found to be 
—~ cotan 2, 


or (1 + cotan’s) dz = 


-f\ + tan‘ (© —«\la (5 —z) =— tan ( ; — 2) 


~~ 


(as has been just proved) =— cotan #. 
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53. To integrate a If a be not zero, 











1 1 ] 1 
2—o a (<= sau): 
de 1 sds 1 ° da 
Ns a= Ss ae ear 
Now, dz = d(x — <a), 
+ ie dle 
ae f ne ae ee) = log, (@ — a) (Art. 43), 


tT—a , i—«a 











° dz 
fa=a= ~ {log (x —_ a) — log, (x + + a)} 


] lo z—a 
~ Qa rr 


If x be less than a, the logarithm just found is tho loga- 
rithm of a negative quantity; and is, therefore, impossible. 
In order to express the integral in a possible form in this 
case, put 


dz ~ da Lie 7 da 7 da ° 
: — SS wwe ier cama Zee ees erent 2M panes oe + 
t 2 z pet ” L. ‘ St 
zi—a om ae ~@ dk &£ a+ as 


A— @ 
= =, {— log (a2) + Jog (a +.c)} = x, log agra 








54. Jo integrate a0 eae 
Crs u 
Let dy = dr + —- nee saqueedeneiraavies: C1) 
. + a7)! 
d 
Now f- = = == f (#4 a’)-id (x + a’) 
e+a’ 


= (@+a") (Art 4d). on yea t(e+a’)'. 


c § 
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Also from (1), 





dz dy dz 
d boa . % + 3 ‘ zt , oi 7 —_ * 
y (2 - at) {(@ a Maas } ¥ (2 + a’) 


de 
Hence, Gere = log y = log {a+(z2?+ at) }. 


; da : 
55. To integrate-——_—-——: where, in order that the 
r(a® x 2’) 
denominator may be possible, a’ is greater than 2°, if 2? be 


: a | 
affected by the negative sign. In Art. 54, write - for a, 


1 ] 
- for a, and, therefore, — —-. de for dz. 
a z 
Ve dae » ax 
Then f on = — / panera a ES Ba 
J (wt + an x(a? + 2) é 


a es 
_ log, {2~ + (ao + a~*y i= log, cies =r 





2 
* dx _ 1 lo aD 
of x(a! +a’)! ~ a a+t(at+ay) ° 


(since the logarithm of any quantity = — the logarithm of 
its reciprocal), 


zx ] 
log 77 i + = log, a, 


a a+(at?+ . 
of which expression the last term - tog @ may be omitted, 
a t 


as it disappears when the integral is taken between limits. 


fd * d 
56. To integrate aor ss where a> x. 
ac — 2 


Let dx = cosydy. Then (Art. 44), 


@=esiny, (1 — 2")! 2 cosy, 
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7 ai UY me y = sin Hence, 
P 

= — fa . 

Samar Say ay 


‘ x v # w 
sin? — = — — cos7!?~ = — cos! = if © bo included in 

a 2 a a 2 

the value of the integral at its inferior limit, 


da 
w(x — a*) 


. ‘ ’ . : . t 
integral of tho first side of this equation is — o and of tha 


a . 
o7. To integrate Let - dg=sinydy. The 


a 
second — cos y; .. we may therefore put - = cosy. Henco 


3 


oh ron ont 


a 2 siny 





xz’ — a’) ; >» dz ve? dt kin 
( ) = sin y, and /{—~—-——-- = {— oe, 
Fo . Ja(e—ay. 


ee y 1 i ee ere 
~ Jdy =m‘ = - cosy7! - =~ see! > 
a, aoa zc aa 


Ax 
58. To inteqrate —-—-~---->~ 


(Laz — 2°)’ 
i dix fa — a) 
J (fax — a )h he ee ersa 


a~27 . a 
a= cog! ——— (Art. 56) = versinw!-. 
a (“ 


ie.) x 
59. To integrate Bedale . Let- = tany, 
: a+ a a ; 
dz =a(l + tan? y)dy (Art. 51), 
da ral(h +tamyjdy 1 7 
* [o> pe ee J dy 
J +e a°() + tan’ y) ay 
1, Te 


== - tan 
a a 


$6 INTEGRAL CALOULDS. 


Collecting the results of this Chapter, we have the fol- 


lowing 


TABLE OF FUNDAMENTAL INTEGRALS. 


a’ ARTICLES 
fo dz= — OE THEO OREO REESE TEREST HCO OER EHE COREE EHO EES 42 


log a 
n-+ | 

fries . 
n+l 
[<= ane log, x CHOOT eh e eee eer eSs ESHER eEHEREHOH HEH OVO THER ORE OOD 


fsin «do = — cos x eeeseeerseeheaeveepvrasteovwaeseesBeoeheeegeve 
a 


fs: dx sm sinag enpeveeeoa an agceoevoee eae seen ceupeeeaeeveaaenses 


sin x { 
f 4 dz eeneavoeovresvreoseeeeeeeeervseew eet geeeeoeesesesen anne 
J coste COS 2 





except a= 1 when, Cvecoeseetaentoe 








™~ 
zi 2 
1 
| 
i 

[ 

|- 


fo fe CANE ee SS TAI ca tone sunes cane de 28s sib ahniageas 


a 


» 
J (1 + cotan? x) dr m= — cotan dr ....cce eee, oeveans 
a 


da l 
Is) ae Se — lo Of, - (>a) 


1 d—o 
——— 10 
Qa ata 


dx 7 
SG=e se log f(x? eo YD cvcccesewiws coveneews 





az | ,; e 
S wae xy a og, a+iata} Soe err eerecnesegse 


dz . 2 _,2 
ree renames Oi Bin. —, OF — COs “sen enereeeeeeebeeeane 


dd 


43 


47 


A8 


49 


df 


52 


53 


54 


56 
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dz 1 a1 2 
| ers ter eal — == ~ sec" WT pee teense nneaserees §7 
J a(e'—a’)y oa 2 oa a 


dz : x * 
Sierras, = versin~! = SPR oases se ose se eoensee peeve veseaes h8 
(2ax — x) a 


da ] x 
Le tt sentient 59 
J e+e a a 


60. The foregoing integrals are all found in terms of loga- 
rithmic, exponential, and circular functions. Tables may bo 
obtained which contain numerical values of those functions 
computed to any required degree of accuracy. Therefore the 
values of these integrals may be completely determined. 
Similarly, other integrals which can be reduced to any of the 
forms in tho preceding list, may be completely determined. 


61. The operations of integration consist chiefly in reducing 
integrals to these fundamental forms. In many cases, how- 
ever, this reduction cannot be effected by known metheds. 
Where it is impracticable, resort is had to methods of express- 
ing integrals in terms of convergent algebraical scries, or in 
terms of elliptic and other functions not contained in the 
preceding list, but which have been partially tabulated. 


62. For the present, however, attention will be confined to 
those integrals which can be reduced to the forms investigated 
above. The methods of effecting this reduction may be 
classitied as follows : 


1. Integration by Algebraical Transformation. 
2. Integration by Parts. 

8. Tutegration by Formula of Reduction. 

4. Integration by Rational Fractions. 

5. Integration by Rationalization. 


Of each of these five methods a brief account will be 
given in the following sections. 
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SECTION V. 
..-EGRATION BY ALGEBRAICAL TRANSFORMATION, 


68. Tite method, of which instances oecurred in Arta. 54, 
56, &c., consists in finding for the expressions to be inte- 
grated algebraical equivalents which are of the forms of one 
of the fundamental integrals, or are the sum of quantities 
having any of those forms. The requisite transformation 
is effected by substitutions and other processes, for which 
no general rule can be given. It is only by continual 
practice and experienco of the effect of various transforma- 
tions that facility in the successful application of this method 
of integration can be attained. One or two examples are 
appended, but for an adequate knowledge of the subject, the 
student must be referred to lurger collections of examples of 
the Integral Calculus. 


64. Every polynomial of the form (a + b2+ ca’ +...)" dz, 
may be integrated in finite terms when x is a positive integer, 
and the number of constants a, b,c, &c., finite. For the poly- 
nomial may be raised to the power 7; the result is the sum 
of a finite number of terms involsing only integral powers 
of a, and each term may be integrated separately. 


63. For example f(a + bz) dz = f(@ + 2abct U2 \de 
‘3 4 


“ i , 
=ar + Qah J + bh 5" 


G6. If the function to be integrated can be expressed 
as the product of two quantities, Fz, and dF 2, or more gene- 
rally (Fx)*, and dF az, it may be always integrated. For if 
Fx be put = y, the eapression takes the form y"dy, of which 
yard 


the integral (Art. 44) is ara ; 


67. For example, /(a + b2 + ez") (6+ 2¢x) dx becomes, 


ALGEQMAIOAL TRANSFORMATION. $0. 
68. Again, { (og, af om Cog, #)° @ (og, 2) 


(log, xy+! 
anne o os ea 


fe -fsexy7 7 . Ta 


d(l +7 3 re shy 
= -f{ “Tt pres log (1 + t ). 


70. All the preceding formulm for integrals of functions of 
x may be extended to like functions of a + bz, by putting 


a+be=X, .. . bde = dX, ond da =; dX. 


In this manner it will be found that 


re d atte 
f* °™* blog, a 
+ dz ] 
/ oi = j 108, (a + bx) 


. . 1 (a + bz)"*! 
f (at oz) dz=; ats 








except n = — | 
> : } 
f sin(a + bs) dzr= — 5° (a + hx) 
fs la+ bade = : din (a + bx) 
f 
fe + tan*(a+b2){dz= * tan (a + ba) 


. l 
Sf {1 + cotan?(¢ + baj}d2= — j cotan (a + ba). 


71. A similar extension of formule for functions of 
a + 2’, to like functions of a +b2 + cz’, where a, 6, and 
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c aro positive or negative, may be effected by the following 
transformation: 
a L b 2 
atbetert acl. — Tat (= + o) }=c(a + y’), 


a 8 bs ’ 
if = re == A, where A may be positive or negative, and 


b 
yt PSY “, dz=m dy. 


Hence it will be found that 


da L: dy 
faite = a +A 


ucts ) eas aaa Art. 53, 


cB (Ay 16 y+(— A)! 
(A negative) 





1 1 yo ne 
rt tae ae (A positive), Art, 59. 
Saris a= IRF 

| ‘i an 
= 5 log, {y + (y° + A)'} (c positive, 
A positive or negative), Art. 54. 


1 
= sin * ears. (A and ¢ negative), 
Art 56, 


(impossible if A be positive and ¢ negative). 
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SECTION VI. 


INTEGRATION BY PARTS. 


72. A rormuca has been given, in Art. 40, of which very 
extensive use is made in integration, and of which applica- 
tions have been already given in Art. 45 and 61. This for- 
mula, called the formula of integration by parts, is 


fudv= =ur— f "edu. 


Any differential function of one independent variable may 
be put in the form ude. Hf, thon, frdu can be found, fude 
can algo be determined by tho preceding formula. 


73. To integrate x log, ade. Let log, @ =u, whenco 
ao du (Art. 43). Also let eda = dv, whence § a? = 1, 
(Art. 44), 

“sf x log xde a = ut a 


e dw 
= : 2 log, «— 


= fa'log, 2 — 42’. 
V4. To integrate z'dz. Lett de mdr. Then o =v, 


Art. 41. Also, let amu; dam du. 
Savtidz = fudr=ur —fodu=a2al—fidsa 


= 7," ee 5 





xd Leda 
of M4 beh eas Soe Te , Fae Se a meacenrevannetanyios ae 
13, To integrate f= mT Let de (i — a") 
] 
= - — (Art. 44) 0° = i nee Also lot «= 42. 
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The formula -_ 
wdz 
(1 — a)? teat = 





_ 1 x iy) da 

2 J — z* Qf rtm | 
eo a boi “a—] 
OQ tame 7 eee 


16. To integrate dz (a? — 2°)’. Since 


,—adr {3 d{a* — x") 


(a'— 2) (at — vip = (a? — x’), by Art. 44. 
Therefore, d(a? — 2°) = Sasa 


Hence, integrating by parts, 


faze — xv) = arla — zy + re dil 
a 


ry 
vdz (a? — 2"\dzx 
=a 2+ fo = ae ae 


r . dz 
2 2 ee 
== v(a* — 2") @ 5 i =f er amma pa rear as 
( ) + a (a? —_ z’yt ’ 


consequently, transferring to the first side of the equation 
the last member of the second side, we have 


[i dz(a* — x) = 32 (a? — 27) + ; a? sin” = 


%7. To integrate xcosxdz. Putting fcosrdz =sin 2, 
we have fecosrdx = «sins — fsinadz 


mm rsin xz + cosa. 
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78. To integrate ¢’coazdx. Performing the operation of 
integration by parts twice, 


Set cosards m= ¢” COSX + fe sineds 
= € 008 a + e’ sina — fe cosads. 


Transposing and dividing both sides of the resulting equa- 
tion by 2, 


S ¢ cos edz = he (cosx + sin 2), 
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SECTION VII. 


FORMULE OF REDUCTION. 


79. By Formule of Reduction, integrals involving powers 
of functions are expressed by integrals involving higher or 
lower powers of the same functions. These formule are 
obtaincd by the principles of integration by parts and alge- 
braical transformation. 

8U. Tor instance, the integral of 2"cos.z may be made to 
depend on a function of a"~'; the latter, similarly, on a 
function of 2"~?, and so on continually. If m be a positive 
integer, and the process be continued a sufficient number of 
times, tho Jast integral is that of cosz or sinz, which have 
been found in Art. 47 and 48. 

Integrating by parts, 


Sa" cosa = x" sing —m fa" sinadsz 
sz "ain + ma" cost — m.m—1) . fe? 006 rdx 
== 2" sing + ma" cosr — mom — lao Bins — 
m.m—lim—2a"- copsxr + Ke. 


the positive and negative signs succeeding in pairs. 
For instance, let m= 4 


Sx cosada = a'sinz — 4 fx'sinadz 
= ‘sing + 4.7r°cuszr — 3.4 fx? cosadx 
= @'sgineg + 4.2cosrz— 3.42% sing 4+ 3.4.2 fzsinads 
sz 2'sine + S2*cosx — 3.4.2’ sine — 
3.4.2.ec0sz2 + 3.4.2.1 sing, 


81. The preceding integral is an instance of a general 
formula which is an extension of John Bernouilli’s series. 
By the same method as that by which Bernouilli'’s series was 
obtained (Art. 45), we have, if P and Q be functions of z, 
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and Q’, Q”, Q”” ... successive differential coefficients of Q 
with respect to 2, and 


P, =/Pdz, P, = fP,da, P, = fP,dx, &e. 
SpQdz = QP, —/QP,dz 
= QP, — QP, + fQ’P, dz = ke. 
= QP, — QP, + Q’P,—Q’'P, + QP, — ... FS QP, de. 
82. To integrate ze’, n being a positive integer. Here 
Q=2*, Ven, W=n.n—).2°%, 

Q”’ =n.n—lin— 2.2" ke, 
QVr=na.n—1..2.1, Pe’, Pi ee’, Py se’, ke. 
Therefore, 

S xtedz =e —ntie +t nin— liste’ —... 
eu.n— 1.2.1 fedax 


=e Cr — nz! + u.t— 1 - ove 
-a.n—1...2. 12), 
The formula of the last article but one is inapplicable, 
except where the successive integrals P,, P,, P,... are simple 


quantities, and Q’? such that / QP daz may be found. This 
will not generally be the case for functions involving frac- 
tional indices. Such functions may, however, be frequently 
reduced by coinlining integration by parts with algebraical 
transformation, as in the following example :— 


&3. To integrate (a? — z")jidz, n being an odd integer. 
In the formula for integration by parts 


Sudo = uo — fedu, let (a? — x’); == tt, 
Then — xz (a* — atyi7' dgazdu; domdx. 


S(@—ayda=l@ -2%24nS(at—2')s da... (L) 
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Now, 
(a? — 2°) x? =z — (a? — 2°) (a? —#)i +a(a— "ya 
Integrating this equation, » f(a? — - aa = 
nat f(a? — 2")i- 'da—n f(a —2z")r' a'dz... (2) 


Adding (1) and (2), and dividing both sides of the re- 
sulting equation by » + 1, 


ti de 1 NT 
[a= ay da = A (at = aE + 
nde 4 " 
cer f[@- 2°)a~ ‘dz. 
By this formula of reduction, the integral is made to 


en ultimately on f (a? — z*)~'d.r, which has been found 
in Art. 56. 





84. To Sniag it Gs Eros In the formula of integration 


l 
ude =uv — /rdu, putea, u = ————, 
- | f 0 . ~ (ee ap 
: _ we Peas ; 
d= (a? = ayer apr Then 


. x edz 
I weap weap t | wear 


& SM ee ee d 2 
= weap te waapt eee 
Whence, transposing, putting p + l =n, 


eux 
+1 a 2n—3 1 da 


RE cee — ERENE AERTS oa a oe 


An—2 aa’ + a’)! ~ Qn — 2 at (zt + Poi 
Except when 9 = 1. 
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When » is a positive integer, this formula of ena ro- 
duces the integral ultimately to of # a == tan7! - = (when 
a? has the positive sign). When a® has the nogalive sign. 











d l — 
the ultimate integral is fs — = vy 08 " " = 
.(A + Ba) dr ‘(2a + 2b) dz 
i pf a 
85. To integrate (a + abe +c) =5 (a4 ry pare a 
dz 


+(A—B) f Case (@' + 262+)" 


(Art. 44, except when 2 = 1), 
— B 


Q2(n— 1) (a'+ 26a 40)"7' - 


dz 
= BY) [73 +b) +le— by 
— B 


Q(n — 1) (a? + Qbe + cs! * 


A— Bb a+ 


Ink (ob) (ett Foy 7 


2n—3 1 cae da 
Qn—2e— ~a & Were eer=1 7 cee 


by the last article, putting 2 + 6 for z, ande—J' fora’. All 
the constants may be positive or negative. 


When n= J, we have from the first equation of this 
article and Arts. 43 and 59, 
* 


(A + Bajdz _B a ue 
a obra 2 OS (a + 2b2 +c) 
A — Bb a+b 


cat | 


+ (ec as B y tan (c— bry * 
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SECTION VIII. 
RATIONAL FRACTIONS. 


86. A rational integral function of 2 is the sum of a finite 
number of terms which involve only positive integral powers 
of z, and these as factors. 


87. A fraction rational with respect to a is a fraction of 
which the numerator and donominator are rational integral 
functions of x. 


&8. The partial fractions of a given rational fraction are 
thoso rational fractions with different denominators of which 
the sum is equal to the given fraction. 


8O, If the numerator af a rational fraction, cleared of 
nagative indices of a, be of higher dimensions in x than the 
denominator (i¢. contain higher powers of a than the de- 
nominator), the fraction may be reduced to a rationed integral 
function, + a rational integral fraction of lower dimensions 
in the numerator than in the denominator. 

For if a rational function of 2, axett 4+ breton lh +... be 
actually divided by another such function of lower dimensions 
in 2, Aa? + Bae) + CaP? +... (p and g being positive 
integers), it will be found that the quotient consists of terms 
with descending positive imtegral powers of z, commencing 
with the index g, and ending au the index 0: and the 
remainder, after division, has terms with only positive inte- 
gral powers of 2, commencing with the index p— 1, and 
ending with the index 0. So that 


awtt + baerte-l 4 eppte3 4... 


“Ag? + Bs" >Cae?4.. 
axl 4 byr-? 4... 


A, at + B, at! + 0, 4 
ee. a + ie? 4+ bay 


' 


where the coefficients A, B,...a, 6... are to be determined 
in the course of the provess of division. 
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90. The rational function A, 2! + B,at-!+ ... is imme. 
diately integrable by Art. 44. So that for the complete 
integration of a rational fraction, all that is required is to 
integrate a rational fraction of which the numerator is of 
lower dimensions than the denominator. 


1. If in any rational integral function of x, x be as- 
sumed to have the value ba+c, the function becomes linear 
(i.e. of one dimension in 2). For 2'=2’ .a=(br+c)2 
by the hypothesis; = ta? + ca, which again, by the hy 
pothesis, 1s equal to d(x +c) + cx, which is linear. 

So, likewise, may z*, 2’, &c., be reduced to a linear form. 
So that any rational function of .¢ takes the linear form 


ar + f, 


when é2 + ¢ is substituted continually for v2; « and 3 being 
quantities not affected by J —1. 


92. If the preceding ax+8=0 (1), then a=0 and B= 0. 
For the original assumption zi = 424 c¢, gives 2 = 
4 {6 + (b* + Ac) )}, and z= } fb — (4' 4+ 4c)'}. Therefore 
equation (1) 1s required to be true for fro different values 
of # (except when 4c =— 4"); call them z,,2, Then 


at, + B= 
az, + > en 
Subtracting, a(¢,—7,)=0, .. a=0, since 2, — 2, is 


not zero. 
Substituting a =0 in cither of the equations last written, 
we get B = 1). 


93. To show that real quantities, A and B, independent of x, 
may be found such that 


ga gS 
(@—be—cy ye (2?—bz—cey Bx ects 


where ¢z and wz aro rational integral functions, and do 
not contain 27— 62—c as a factor, yz a ratiunal fraction, 
and * & positive integer. 
ga— (Ax + B) vr 
(2? —b2—c)" ye 
Now, by a principle proved in the theory of equations, any 


> Ce te ee Sou (2.) 
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rational integral function of 2 contains a’ —bz—c as a 
factor if the function = 0 when 2? — b2—c = 0. 

The numerator on the first side of (2) is a rational integral 
function of x If, therefore, real quantities A and B can 
be determined, so that this numerator = (0 when a — ba — 

== (; then the numerator is divisible once, at least, by 
w—he—ce. 


The quotient will be a real rational integral function 9, 2. 
Then (2) becomes 


Oz 
ionyvaenen-seeemneeronaremnant ae. a STE ee rer rere peaua CO: 
(a? —~ bz —c)*"'p2 ‘ (3.) 
or xz is a rational fraction. 
It only remains to be shown that A and B are real quan- 
tities, when determined by the condition supposed, namely, 
that 


gpa—(Ar+ B) pr =O... (4), when 2? —br—c= OP. 


It has been shown by the Inst article but one, that when 
z'—bae—c=0, or r= bx +, bz is reduced to the linear 
form av+ 8, and per to a similar linear form a’z + £, 
where a, 8, a’, 6’, are real quantities; therefore, (4) takes 
the form 

ar+B—(Ar+ B)(a’ et +6) = 0, 
or, multiplying the quantities in parentheses, and putting 
w= ba +c, 

at+hB—Aa(be+c) + AS r+ Blas 4’) = 0. 

By the last article the coefficient of x in this equation is 
zero, and the quantity independent of x is zero, or 

a—A(a'b — §') + Ba’ = 1, 

B—Aac + BS’ = 0. 
(Mixeept, as before, when — 4c =", when (a — bz — cr)" 
= (t— gh: see next article but one.) 

It is clear that the values of A and B found from these 
equations are real quantities, independent of x. 

From (1) and (3), 

Or = Azt+B 
(2? —be—c)*yr” (a'—b2z—cy 
¢, a 


+ (w? — ba —c) va eee nearer seb eeenes (a.) 
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$4. Supposing the last fraction in this equation in it 
lowest terms in a* — bx — ¢, we have, similarly, 








gz Aix + B, 

(ef —hba—c) yx (cf — ba — ~cy 
x 
+t 


(2' — by —c) tye’ 


and soon. Therefore, generally. 


px 7 Axr+B 
(gi —be—c) pec (e' — bx —c)" 
A,® + B, A,z + B, ou 





(o' — bx — ec)" 
where @z is a rational integral function of «x. 


95. Tu shew that a real quantity, ©, independent of a 
may be found such that 


Pr C 
(g—ayve ~ (aay 
where @z and ¥e are rational integral functions of 2, ya 1 
rational fraction, 2 a positive integer, Pa not zero, and po 
not zero. 


or —C aye 
—— eee rete sigetonndaceng Seapeeeiaas ee (a) 
(a. — a) wr 


ah We! . grapesioamacenen Cla) 


a , a ee : 
Let C = Bis (which is finite by hypothesis). 


va 


. pa . 
Then de — ae ya, the numerator of the fraction on the 
a 
first side of (2), 18 zero When a —a is zeru; aud, therefore, 
is divisible by « — a, once nt Jeaat. 
Then (2) becomes 


OP esis 
(z—a)y ys 
From this equation ant (1), 
ed = C git | 8 
(t4— a) Hr egy e (2—4) ve pea! 


p 2 
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96. If the last fraction in (8) be in its lowest terms with 
respect to 2 — a, the numerator does not contain «—a, and 
%:@ is not zero. We, therefore, proceed as before, and put 


Q,2 _ C, rd ,2 
(2—al pr (x —a)yl"' | («@—a)* 2’ 
and soon. Therefore, ultimately, 


air Pe ee ss pt oe 
(g@—ayya (@—ay * (@—ayo oT pe 


07. In the formulw marked («) and (8) in the last article 
and the preceding, respectively, the numerators 92, 9,2, 0,2, 
&c., have been supposed not tv contain the simple or quadratic 
factor expressed in the denominators. If, however, either of 
these numerators happen to contain any number of times 
a factor of its denominator, reduce the rational fraction by 
division by the factor that number of times, and proceed to 
reduce the resulting fraction into its partial fractions. 


QR. If the quantities U,, U, ... represent quadratic, and V,, 
V, ... simple factors, we have, by the last two articles, con- 
tinually reducing the rational fractions into partial fractions, 


oF 


a a 


u% U," eee vi vi" 








= => B a A,r +B, oe Ase + Ba, 
U* Ui t 
NetB An tBY Ane + Bis, 
U,™ UY = U, 
+ &e. 
Cc C, Cm, 
Tm Tyan ve a 
C’ Cc’, C'n, 
+ ay + vi +... + Vv, 


+ ke. 
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99. In resolving rational fractions into partial fractions, 
the greatest difficulty occurs in those cases in which there are 
quadratic denominators of the partial fractions, and their 
numerators are therefore linear in + Where, however, the 
partial fractions have only simple denominators, there are 
no (A)s and (B)s, and the numerators (C) are ensily found 
by either of the following methods. 


(1.) Clear the equation of the last article of fractions, by 
multiplying by the denominator of the first side. As tho 
denominator is supposed to contain no quadratic factors, it is 
equal to V,"1. V,"2 ..., and therefore is of m, +m, + ..- 
dimensions in 2 Therefore, when the equation is cleared 
of fractions by multiplication by this denominator, there are 
terms in the second side of the resulting equation of (11, + m, 
+ ...)—I1 dimensions in az. The new equation contains, 
therefore, (m, + m, + ...) different powers of 2, and (equating 
coefficients of those powers) there are therefore m, + m, +... 
equations to find the m, + m., + ... quantities (c). 


- l l 
ExaMPLe.—To resolve ———— -—_—-- = ——— 
vi—xv—axr+ i (z— 1)’ (2 + 1) 
into partial fractions. Assume 
l C Ci C, 
Pee eae 
(z—I)i(z@+l) xr-—b (#£-—])) z+ 
Clearing the equation of fractions 
b= C(at—1) 4 Cy (@ +1) 4+ €,(2' — 22 41)... (4) 
Equating coefficients of z')0 = € 4 C, 
eo a of 2, 0 = C, — 2C, 
53 ‘f of be HO 4 €C, + Cy. 
Adding these equations, we have } = 2C,, .°. C, = }. 


kana this in the second of these equations, we have 
C, = 4, and therefore, from the first equation, C = — 4. 


ae 6 dz _ Sti leant 
<) a z—1 ° 2/ (a—1)' 


1 de ! 1 1 1 | 
toe —— emp oe a — = samwnpeee ~ }}. 
J s= qe (2-1) — 5 Sz t glee eth) 


54 INTEGRAL CALCULUS. 


(2.) The numerators of the simple partial fractions may 
be found by another method, which is frequently more con- 
venient than that of equating coefficients. In the equation 
cleared of fractions, give x successively the values which make 
each of the (V)s zero. Then, in each case, all the (C)s 
disappear but one, which is therefore determined. 

For instance, in the equation (a), in the last example, put 
x=1, Then (a) becomes 1=C,.2o0r4 =C,. 

Puta = —!. Then (a) becomes 

hee. 41,.0r 0,4. 


100. By this method of substitution, it is clear that as 
many coefficients (C) are determined as different simple 
factors of the denonunator of the fraction to be resolved into 
partial fractions are made zero. But when this denominator 
contains higher powers than tho first of any of its factors, 
there are more (C)s to be determined than there are different 
factors. For instance, in the example just considered only . 
two different factors #— 1 and «+ 1 can be made zero, and 
therefore only two out of the three (Cos can be thus found, 

To determine the remaining (C)s, differentiate cach side of 
the equation equivalent to (a) in the last example; for since 
that equation holds for all values of wr, the differential coeffi- 
cients of the two sides of the eqnation are equal. 

In the ucw equation obtained by differentiation, put the 
factors == 0 successively, and so obtain more values of (C)s. 
Then, if necessary, differentiate again, and equate factors to 
zero, and so on continually, till all the (C)s are found. 

For instance, in the last example, differentiate (a), then 


OC. 224 C+ C,2.(2— 1). 
Pute=1. Then 
OmC.24+C,, .. since C, =}, C= —}. 


101. We will take, as another instance, a fraction to be 
resolved of which the denominator contains the third power 
of a factor, and which therefore requires two successive 
differentiations. 

22° +1 Cc C, C, C 
RR er ee ae ee ae pele ee haaemameneosnone 4 ee 
(@ — Q)* (2 + 3 c~— 2 = (z— 2) = @—iftz4 3 
+ — 

(2+ 3)" 
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Clearing this equation of fractions, 
22° 4 1 = C(# — 2)? (2 + 3)* + C,(@ — 2) (w + 38) 


+ C, (2 + 8) + ¢(2— 2)? (248) +¢,(2—2) ...... (a) 
Putting @ m2, O=C,. 25, «. C= x 


gme—3, 19=c,(—5), coe. 
vw 


Now differentiate (a). 
dz=c f2(e— 2) (24+ 8) + 2(e@ — 2)? (#4 5)} 
+, {(2 + 3)? + 2 (e@ — 2) (2 +: 3)} +O, 2(@ 4+ 3) 
+ c{8(e — QP (2+ 3) + (eo — 2)} +0, 3(2 — 2)*... (d.) 


22 0) 
Putting 2=2,R =, 884 0,.10, 6 C= 2, since C, = oe 
) 
®t ‘ 7 
emee, — Jer ( — 0) fe, SS) ae aac 
. 19 1 fot . 3 
Se) Pe ae cS Cma— 5 7 al = ae 


Differentiate (b), retaining only rms which do not eanish 
when z= 2; then 


AO 2.2 + 5+, frie Sy + Ul + 3h +0,. 2, 
w being supposed = 2. Consequently, 


7 3 
= C0 .2.5°4 6,2 .15 $554 20, a 


yi 
oe al 4 4 ope? Q 
ae oo Y oo , Be Pa ets es 
(e—2jiet BP Ge ay” He 2p" 2h (2 — 2) 


3 1 
toe of (ea + +3) (ee bp 
as may be verified. 


102. Where the denominator of the fraction to be resolved 
contains quadratic factors (and especially where each such 


56 INTEGRAJ, CALOULUS. 


factor is trinomial (= 2?—b2—c), the difficulty of resolving 
the proposed fraction is considerably increased. The student 
will probably be inclined to think that considerable labour is 
hae by the following method, if he will compare the amount 
of work which it requires for a difficult sap ed with the 
amount required for the same example by other methods 
which have been proposed. 

Assume the proposed fraction to equal a serics of partial 
fractions, as in Art. 96. Clear this equation of fractions, and 
80 obtain an equation corresponding to (a) in the lest examples. 
In this equation make each quadratic factor 2? —ba—c=0 
(i.e, substitute br + ¢ for 2"). Then the equation may 
be reduced to the linear form az +f = 0 (Art. 91), and 
a=0,8=0 (Art. 92) From these two equations the A 
and B corresponding to the factor z* — b2 — ¢ may be found. 

This method will give as many different (A)s and (B)s 
as there aro different quadratic factors, successively made 
ZRY0. 

If there be more (A)s and (B)s (i.e., if any quadratic factor 
appear in (a) of higher power than the first), differentiate (a), 
and in this derived equation make all the quadratic factors 
zero successively, then, if necessary, differentiate again, and 
in the second derived equation make the factora again zero, 
and so on continually, tll all the (A)s and (B)s are found. 
The (C)s, if any, corresponding to simple factors, may be de- 
termined from (a), and the derived equations by the method 
already explained. 

Let us take, first, an instance of the simplest case, that of 
quadratic factor, which wants its second term, and is therefore 
binomial. 


; zsidzx 
103. To integrate (@—1)'@ 41 ; 
x A B C Cc 
Assume —— ; 


(2 —1)? (2741) zt+] ee it (2 —1)* 
“, eas (Az + B) (2 — 1) + C(z? + Ii (e¢— 1) 
— €, (#* 4+ 1)... (a) 


First, to determine the (C)s by the method of Art. 98, let 
2x21, ©. l= C,.2, or C, = 4. 
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Differentiating (a), and for brevity retaining only terms 
which do not vanish when x = 1, we have then 


3a? = C (a + 1) + C, 22, 


where z = 1. Consequently 3 = C .2 + €, . 2 or 
3 
CSG — C, oe J, 


Secondly, to find A and B by the method of the last article. 
Make the quadratic factor zero in (a); fe. put — 1 for 2° 
continually; (a) becomes (expanding (4 — 1)? and putting 


aor. —r) 
—2=(Anr+ B)(—1— 22+ 1) 
= 2A—2Be2 (putting — 2Az’* = 2A), 
“ 0 = QA —(QB—1) 2, 


which is of the linear form required by Art. G1. By Art. 02 
the coefficient of x in this equation, and the quantity inde- 
pendent of z are each zero; «. AU; 2B—) =0, or 


5 


x 
B=}. Hence, -——-—-—----~ 
: (2 —1)' (2? +1) 
) 3 1 | l 
ne eee comenereeninn + «enemies anemone ns ‘ 
eat loo«a—t 2(r— 1) 
, zd J 1 ot 
ol tan”' + + log(#—1)~— - -——- 


“Niel (z+ ty 2 on 


Next take a case in which all the operations for resolving 
partial fractions are pe reie and the quadratic factor is tri- 
nomial, and raised to a bigher power than the first. 


aet+ der 


104, Zo tnteqrate , o— + - , Assume tho 
O° (al 2 +1) (2-1) 
Ar+hB A,2+B, C C 
fraction sr ea + re a Pega (@— 1) 


e+ 32—2= (Act+ B) (2 —2 +1) (2 — 1P 
+(A,2 + B,) (7 — 1P + C (2? —a + 1p (@— 1) 
+ C, (2? —@ + 1)... (a.) 
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First, to determine the (C)s, Art.100. Put aa], .. 2m:C,. 
Differentiate, retaining only terms which do not vanish 
when x = 1, 


22+3=C (we —2+1)°4+C,2.(22—- 1) (@'—2 +1), 
where z=1, «. 5=C42C, 2. C=]. 
Secondly, to find the |A)s and (B)s, Art. 102, put 27=a2—] 
continually in (a); (a) becomes (2 — 1) 4+ 32—2 =(A,©+B,) 
(v—1—22+1])=(A,x+B,)(— 7%) = — A, (x — 1)— Bz, 


or O=3+A,—2(A, +B, +4), whence Art. 92, 3+ A,=0, 
or A, = — 5. Also A, +B, +4 =0, .. B, = —1. 


Now differentiate (a), retaining (for brevity) only terms 
which du not vanish when x?— c+) =0, 


Qe dm (Ar + Ble — 1)(e— 1)? +A, (e—1Y 
(A,r + B,)2(¢ — 1), 


when @?=a2—1. Making this substitution continually, 
to bring the equation to a linear form, we have, since 
(24— 1) = —a, 


dep {QA (ec —1) — Act B(Qa— 1} (— 2) 
—2A,24+2A,(2— 1) + B,2(@—1) 
=(Aa-+ 2Be— 2A—B)(—7)— Ayct+ 2B, e—2A, ~— 2B, 
Qa— Q2a—3 —(A + 2B) (er — 1) 4+ (2A + Bz 
— (A, — 2B,)«# — 2A,— 2B. 
This equation being of the required linear form, make 


the coefficient of z and the quantity independent of 2 each 
a= QJ. Art. 92. 


O=—24+A—B—A,+2B, «. A—B=I, 
O=—3+A+4+2B—2A,—2B,, A +RB=— 5, 
B=—2,A=—l1. 
Hence the proposed fraction is equal to 


#2+2 32+ 1 1 + 2 
at—2t il (2t—ae+)l o e—) (e@—))*’ 
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(#+2) dz 5 _2@—1 . 1 
0 res tar te a a lee 
Art. 85. 
(82+1)dan _ —3 6  2r-1 


(Poet) 22—ae+]) ° 23(e"— 2 +1) 


% 2 jee 
+ - . ——= fan 


3 Js /3 


S35 = log ie — 1) 


a) 


l 
» Art, 85. 





% da l emer 
Urea ars re 


foas zw'+ior— 2 Tm er - ay 
e Soa a eee “oi 
‘ (vi —x+ 1) (c— 1)? U(r — 2+ 1) oem | 
25 vee 2e— | L n— | 
eee emer on ee penne pei, ~ O¢ cwiavlyn’) Sens uaminctnenitisinls «peek. i xm. @ 
IE vi Be a+ 1) 
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SECTION IX. 
RATIONALIZATION. 


105. Tr last method of reducing functions of one variable 
to integrable forms which we have here to consider, is the 
method of Rationalization, which is a system of algebraical 
substitution, by which, for an irrational algebraical function, 


is found an equivalent which is rational, and therefore 
integrable by the preceding section. 


106. A rational function has a rational differential coe ffi- 
cient. Fivery rational function of z may be reduced to the form 


Ae ene egernns eae snare IC eramer —emamarnas 


a+ b: er ee, }o" 
and it is clear the differentiation of this quantity cannot 
introduce fractional indices of :. It follows, that if z be 
dz 


any rational function of :, cE is a rational function of 


z= R,; suppose, .. dz =R,.d:, where R, 18 a rational 
function of ¢. 


107. A rational function of a rational function of x 18 a 
rational function of a Kor if $, f; both indicate rational 
functions, faz involves only integral powers of z, and ¢ (fz) 
involves only integral powers of fx: .. (fx) involves only 
integral powers of 2, or is a rational function. 


108, A universal method of rationalization cannot be given, 
as many irrational expressions are reduced to rational forms, 
by artifices peculiar to the cases in which they are applied. 
But the most general principle of rationalization may be 
stated as follows :— 

Suppose that the expression to be rationalized is a rational 
funcuon of an irrauonal function (I,) of z, and of a rational 
function (R,), so that the expression to be rationalized is 


J (i, RB); 
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where / indicates a rational function. Then assume, if 
ible, 2 equal to such a rational function of 3, that I, 
mes equal to a rational function (R,) of «. Then also, 
by Art. 106, dr =R’,dz. Also, by Art. 107, R, =R”,, 
another rational fonction of =; 


(1, R,)d@ = f(R,, R”,) Ri, ds. 


But / indicates a rational function. Hence, by tho article 
last referred to, f(R,, R”’,)R’,dz is rational in 8, or 
J(1,, Ryd» is reduced to a quantity which is rational, 
and therefore integrable by the methods of the preceding 
section. 
art+thuya 


109, To rationalize R, (——;) " da, where R, is a 
a,t + h, 


rational function of « and m, « positive or negative integers. 
This is a particular case of tho last article. 


a — 4,2" 


az + b 
ae ah pape OD. 


— = 2", 
az +b, 





t= 


or x is a rational function of z. Then by tho last article, 


aL b « 
R,= R's, dxz=R,dz, 1, ( a ) = 3", 
a,2 +4- h, 





and so the whole of the proposed expression is rationalized. 
110. To rationalize (a'z + b'* (ax + 6)’ dz, where one of 
the three quantities 
wv, OF p+ ¥ is & positive or negative integer ... ('2.) 
In the expression proposed to be rationalized in the 
last article. put R,=(a'2+V)', where ¢ is a positive or 
negative integer. | 
Put a, =a’, 6, =4. Then the expression becomes 
(ac + U') * (az +b)" de, 
which may be wnitten 
(a’2+ UY (ax +4)’ dz, 


62 INTEGRAL CALCULUS. 


where » + (= £) is an integer, or (2) is satisfied; and by (1), 
aw+b6 
an + 6’ 


Next, let R, = (a’z + b’)', and in I, let a, =0, b,=1. 
Then the expression rationalized becomes 


ae (3) 


‘ (a’a + b')' (ax + b)* de, 
which, again, is of the form 
(a’a + 0)" (am +b) dz, 


where one of the quantities » or » is an integer, and the 
condition (2) is satisfied. In this case (1) in the last article 
becomes 





a — 6 
agp+b=2", a= wveses (A) 
a 
Lt1. To rationalize x? (axt +b)" de. 
4 l ne al x 
Pat x¥enx, ee dx adr, w? =x", and the 
oxpression proposed to be rationalized becomes 
tee _ 
~x¥ 4 (ax + b)* dx. 


Y 
This can be rationalized by the last article, whenever 


’ l 
P + : — | is an integer, and, therefore, ae an integer; 
Y 
ne acon Pe ae integer, aud, therefore, 2 an 
g ¢. " qg n 
an integer. 





The Férst Criterion of rationalization of 
x” (ast + b)* da, 


is, that sa be a positive or negative integer, when 
(since xz = x) we have to assume az? + 6 x 2 by (4). 
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pfrl 8 


be a positive or negative integer, when we have to assume 


art +h 
———— ===" by (3). 
a y (3) 


112. The method of Art. 108 may be extended to several 
irrational functions 1,1, 10... if it be possible to assume 


z such a rational function of =, that these irrational functions 
of z become equivalent to rational functions of 
For instance, if the irrational function of 2 be 


The Second Criterion of rationalization is, tha 


i i ' 


a+be a+ ba \" atbe\’ ) 
Setey feeey, (eeey an a 

a, + athe a, a bz a, + b 2 5 
where m, n, &c., are integers. 


Put a + at be _ wD Bees A ; = dk — 4,3" Woes 
a Bs y 7 8 &« ~~ 
a, a,t+b@ bm bathers 


1 dink OP Tove i es Pde L” sas rae 
dx is rational in s; and so tho whole expression may be 
rationalized. 
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SECTION X. 
INTEGRATION OF FUNCTIONS OF SEVERAL VARIABLES. 


115. We have hitherto considered the integration of fune- 
tions of only one independent variable. The magnitude of a 
quantity may, however, depend upon the magnitudes of several 
other quantities, each of which 1s susceptible of independent 
and separate variation. 

For instance, the cubic content of a right cylinder de- 

nds on two independent magnitudes, the altitude and the 
arca of the base. Mach of these magnitudes may be con- 
sidered to vary independently of the other, for we may 
conceive the existence of any number whatever of cylinders 
with equal bases but different altitudes, and of any number 
of cylinders of equal altitudes but different bases. 

Again, the content of a rectangular parallelopiped is a fune- 
tion of three independent variables the lengths of three of its 
edges. The content of an oblique parallelopiped is a function 
of five independent variables, namely, the lengths of three of 
its edges, and the inclinations of two of them to the third. 
Tho weight of a solid is a function of two independent 
variables, its volume and specific gravity. The time of 
vibration of a perfect pendulum vibrating in vacuo is a 
function of three independent variables—its length, the force 
of gravity, and the extent of the oscillation. 


114. Derinttiox. The Quadrature of a finite continuous 
function of several independent variables having a limited 
range of values, is the sum of a series of different values of 
the function, each multiplied by the differences between the 
corresponding values of all the variables and their next pre- 
ceding or succecding values. 


115. The Multiple Inteqral of such a function is the limit 
which its quadrature has when the differences of the inde- 
ndent variable approach zero, and their number infinity. 

eer definitions are extensions of those of Articles 16 
and 17. 


INTEGRATION OF FUNCTIONS. 65 


116. Let f(z, y, #, ©...) be a finite continuous function of 
any number (N) of independent variables. Suppose », values 
given to z, n, values to y, n, values to 2, &. Then the 
total number of different values of the function will be the 
total number of different combinations of », + mn, +, + ... 
different things taken N together. 

Let Z,z, Y.y, X, x... be the superior and inferior limits 
of the several variables. If © be understood to bo the 
abbreviation of the words ‘sum of terms of the form of,” 
the quadrature of 


Sly, 20, ..) =e ofl, y, a0 8s. by. 8a .8e... 
where 87, 3y, 37, 8e... indicate differences between succes- 
sive values of the variables. Also, 

limit of f(z, 9, 7,0 ...)8:.8y. 82.80... 


(when az, 3y, 2, de... approach the limit zero), is equal to 
the multiple integral of fiz, 9, 2, «...) between tho limits 
Zz, Y,y¥, X,x... This multiple integral is written 


ZY kX 
[ | / wi fls,y, 2, .jdzdydzrdwe... 
*. z ry y e x 


the fe S being repeated ag many times as there aro in- 
dependent variables. 


VAT. Multiple integrals found by successive integrations. 


Let 21, Zp Ze Vie My Yy eee Ae, be successive inter- 
mediate values of the variables between their limits. Also, 
let 82,, 82, 82,... dy,, dy, dy,... &c., denote the successive 
differences of the values of the variables. The integral is 
the limit of the sum of terms of the form 


S (Zar Yay Bee) 82, By, 82, ... 


First. The sum of the terms in which <z alone has dif.- 
ferent values, while the other variables have their first 
values, is 
{Sf (2p 9p) Ty Bey tS ity Hy, Bb 2, 

+ f(Sy. Yyr B, .--) 3B, +... fay br, ... 
of which the limit (since here z alone varies) is equal to 


z 
limit of dy, az, ... fi, S (8, ys ty ova, 
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This integral being taken between limits, involves only 
those limits, which may be functions of 2, y, ... or any other 
quantities whatever. But the variable intermediate values 
of w disappear (Art. 26) from the integral, which, therefore, 
takes the form f\ (y,, 2, @,...), = being omitted. 


Secondly. Add all the terms in which ¢ alone varies, y 


having its second value, z, wo... as before their first values. 
The limits of the sum of these is 


be 3 8 ~Z. 
limit of 8y,. 8.2, ... i] FA. Yas Bs Wy ee) dz 
af Z 
= limitof 3y,.87, 0.0 f) (vy ty, ty.) 


Similarly for the terms is y,, y, &c. The sum of all 
these is 


Lf, (Myr Bye ye DOM AL (Ye Ts we, 1) BM, 
+P (Y fy My) By, + oP Bae, Bw, ... 


of which the limit is (by reasoning with respect to y similar 
to the preceding with respect to z) the 


Y 
limit of 62, .34,... /, S\ (4p dy 


== limit of d2, 30, 20. /4(@p ©, ---) 
y being omitted from /,. 

Continuing tho -process, 2, w... successively disappear 
by successive detinite integrations; and the final result, or 
tequired multiple integral, is the result of as many succes- 
sive integrations as there are independent vanables. 


Hence, where there are only two independent variables, 


if r be the last of the independent variables, this result is 
of the form 


vR 
JS frdr oz F(R) — Fir). 
: 


Lf se y)dady =f ay fe "p(s, yds} 
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where there are three independent variables, 


I “ff yee ic y, r)dzdydz 
ye “as [. /, “ay { f Gage az} | 


And, generally, a multiple integral ts formed by inte- 
gyrating the proposed function with respect to one variable, 
as tf the others were constant; substituting the limits of that 
rartable; integrating the result with respect to another vart- 
able, as if the rest were constant; substituting the limits, 
and so on, till as many integrations have been performed as 
there are tndependent vartables. 


BES. Order of integration different. The sum of any 
number of quantities does not depend on the order in which 
they are added. Hence in the summation of the quadrature, 
the terms involving different values of any variable may 
be first. collected, and the Jimit of their sum involves an 
integral with respect to that variable. ‘Therefore, the vari- 
able with respect to which the timst integration is performed, 
is indifferent. Similar reasoning applies to the other in- 
tegrations. 


C fra (f"r 7s) 
_OROLLARY. dy, 2,4) «f2 
‘ y v ry x » ¥ 


=< /. a Cf, “ht yay). 


119, The cubature of solids affords a rery complete iluatra- 
tion of the foregoing principles. 

Let Or, «Oy, wOz be three planes perpendicular to 
each other; and let ABC Dabed, ee a solid bounded by 
the curved surfaco ABCD, by a rectangle ae in the plane 
#zOr, by two plancs Ad, Dc parallel to the plane yo:, 
and two planes Ad, Be parallel to the plane 2Oz. 

Consider now the base ac of the solid divided into any 
number of rectangles, represented by dotted lines in the 
figure, and on these rectangles, as bases, let rectangular 
parallelopipeds be described, of which the sides cut the upper 
surface ABCD in the curves shewn in the diagram. 
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If #, y, x be co-ordinates of any point (P) in the curved 
surface referred to rectangular axes Or, Oy, Oz, the relation 
betweon 2, y, z may be expressed by an equation 


za f(a, y), 
in which z is supposed to be finite and continuous ; 


and pq==er, Oq=y, Pp =z. 





Let Pp be the altitude of one of the elementary parallelo- 
ipeds, dx and dy the length and breadth respectively of its 
toe Then the solid content of the parallelopiped is the 
product of these quantities, or zizrdy = f(a, y)da.ty. 
Let ais Fie Ry csc ce 
Yor UY yy Va veers Yur 
be corresponding successive values of the co-ordinates, and 
dx, sy, the common differences of the successive values of 
zx and y respectively. Then it may be seen that the solid 
Ac contains parallelopipeds, of which (reckoning them in 
rows parallel to a) the solid contents are 


Sa, 9 sedy, f(z y)iady, f(z. y,)sasy.. f(a, y)ezey, 
S (py, )eady, f(t y)bzdy, S (Gq ¥,)Fasy..S (ay Yaiedy, 
I (ty y,)eaty, I (23, y,)ixey, J (xy, y,)eady...f (#y ¥,)izdy, 


* 


S (tar Gi Faby. [ (Bas Healy, Sf (Har Hq) Paty... f(Bar Gal tady. 
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Also, as will be proved hereafter, the more the number 
of these parallelopipeds is increased, and their length and 
breadth diminished, the more nearly is their sum equal to 
the content of the solid AC. If the limits of the sums 
of the contents just written be taken in rows across the 
page, the result is 


limit fax /) * f(a, y)dy + ae f "f(a y)dy + 


* Yo 
+32 : Sf (tur ¥) FY} 


“So {fotenede 


If, however, the parallclopipeds had been reckoned in rows 
parallel to the longest side of the page, that is, parallel to 
atin the diagram, the limit of the summation would be 


re LS oT (2, y) yi} dy. 


And since both results represent the same solid content, 
they are equal. 
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SECTION NI. 


QUADRATURE OF CURVES. 


120. Tue Integral Calculus is applied to the rectification, or 
determination of the lengths of curves; to the quadrature, or 
determination of areas of curves; the complanation of sur- 
faces, or determiuation of their supersicies; and the cubature 
of solids, or determination of their columes or contents, 


121. The methods of determining Quadratures and Cu- 
batures are readily demonstrated by principles already aid 
down. Rectification and Complanation depend on geometrical 


theorems, horeafter given. 


It has been shown, Art. 19, that iff 2 and y be the rect- 
angular co-ordinates of any point of a plane curve, X, Y¥, 
and x, y the co-ordinates of its extremitics, the area included 
by it, and straight lines from its extremities parallel to the 
axes of a and y respectively, is given by the formule 


[ 


where it is supposed that 
wand y are always posittre 
und finite, and to neither 
ig assigned mere than one 
value corresponding to any 
value of the other, between 
the limits X, Y. x, y. 


122. Quadrature of the 
Cerele. Let r be the radius 
of the circle; a, y, its co- 
ordinates at any point re- 
ferred to the centre as ori- 
gin of co-ordinates; then # 
and y are connected by the 
equation. 


*X 
/ wdy, or / 
x 


~~ Y 
vide, 


y 
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as + y¥ = ry’; 


or, y = (7? — 27), 


fi ydax [Gt —2)\dz 
fe. 


. aa 1 . 
ae ee i (integrating by 
ee as | (r* — 2’) parts), 


Now lw —2)de= (rr — a')x 


sof dx iket a 
? ee eee ee ee ere ens ew eee 
Seay aay 


The last integral on the second side of this equation is 


lentical with the integral on the first side. Therefore, 
‘ansposing and integrating the remaining integral by Art. 56, 


JS (r? — x?)dex = hart — 2*)) + Jr? sin! _ 
s 


If Oc= xX, and Oh=x, we have to take this result 
etween limits X and x, to find the area Abc; 
_ Abe = 4X (r? — X*)i— bx (Fr — x") 
xX x 
- pint —- — grt ging! —, 
t Ar? sir z 4 
If it were required to find the area of a quadrant, B, 


‘would be supposed to meet Ow, Ow, respectively, and there- 
ore Xe=r, xsl, Therefore, since sin7' (or the angle 


' Bat de siek , " 
f which the sine is Q)=:0, and sin7] 1] = 7 
x, 
quadrant = — r’. 
4 
Therefore, area of whole circle = wr’. 
123. Area of Ellipse. The equation to the ellipse referred 


o the major axis, and a line at right angles to it at its 
atremity as axes of co-ordinates, is 
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ae (2ax — 2°) 
¥ Say a ’ 


where a is the semi-axis major, and J the semi-axis minor. 





Sf yaz =/-. (Qax—xydz 


HV beg a i 
=: Saboos : aA (Raz —2z7)b,,. (1.) 
When 2 = (0) the preceding expression vanishes. It may, 
therefore, be supposed to be sates between the limita U 
and 2; consequently, if OB =x, the expression is the value 
of the area PHO. 
When a= 8 the ellipse becomes a circle, and the ex- 
pression (1) for the area lecomes 


am a— & 
— 3 








4.a* cos™! (lax — 2") ..... (2) 


Hence, if OP’M be a circle having the same centre C with 
the ellipse OPM, and OM, the diameter of the circle, be also 
the major axis of the ellipse, we have, comparing (1) and (2), 

area OP'B a ; 
arca OPB Ob 

It appears also from (1), that the area OPB is rtional 
to 4. Hence, if auy number of concentric ellipses were 
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described on the same axis major, the areas of them having 
the same base, OB, would be in the proportion of the 
several minor axes. 





The area of a quadrant of the cllipse ia found from (1), 
by putting « =a, tu be 


rs 
¢ abcos 7? 0) = a ab, 
Hence the area of the ellipse = wab. 
124. Quadrature of curves referred to oblique co-ordinates, 


The method of obtaining, in Art. 19, the quadrature of curves 
referred to rectangular co-ordinates, consists in dividing the 


5 


Lely 


md 
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atea by tectangles, and taking the limit which their sum 
has when their breadth is indefluitely diminished and their 
number indefinitely increased. 

Similarly, if an area, ABCD, bounded by the curve BC, and 
three straight lines, of which BA is parallel to CD, be divided 
by parallelograms upon AD having sides parallel to CD, the 
limit of their sum is the aren ABCD. Also, Jet the curve be 
referred to oblique axes of co-ordinates Oy, Ow, inclined to 
each other at an angle a. If dx and y be the lengths of two 
sides of one of the parallelograms, ysina is its altitude, 
and ysin ads is its area; whence it is easily seen, that the 


area ABCD = fy sin adz, taken between proper limits. 


125. Quadrature of the Hyperbola. Let the hyperbola, of 
which A is the vertea, be referred tu its asymptotes Oz, Oy, 


¥ 





0 8 M a 


inchved to each other at an angle «, as uxes. Draw AB 
ben to Oy, and let OB =c¢. The equation to the hyper- 
ola is ye se’. Om =x. 


: “x *x 
Area ABPM = sine ydix = sina / —de 
¢ a’ @ a 


be a ae 
== sin ae’ log ri 


126. Quadrature of the Witch of Agnesi. In the last 
example, a8 x increases, the area increases indefinitely; and, 
therefore, the whole area between the curve and the asymptote 
ig infinite. There are, however, curves in which the area 
between an infinite branch of the curve and its asymptote are 
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finite. The “vtech,” or “ versiera” of 
Donna Maria Agnesi, is an instance. 
Let AB be a diameter of a circle = a, 
AC a tangent, P any point in the curve, 
AM mx; AB, AC being the axes of # 
and y respectively. 

The curve is defined by the relation 
rectangle PA = rectangle DB. 

The equation to the curve will be 
found to be zy? = a’ (a — 2). 





Now, ( = 


ey “o— 7x 
RR a amar ay 
(az — 2") 


Qa QZ ta 


=t (ax—a*h * [patho pa? —(ja—2): yi 


» » — ri 
- Sfydeae / (+) Ag 
: a 


bom Tt 
=< a(azx seas x") + da’ cos! va 
a 





Arts. 44 and 56. 


This expression is to be taken between limits «=a and 
a == x, to give the area PBM. 

‘The area between AC, AH, and tho curve, is the limit 
which the result thus obtained has when x bas the hmit 0. 
This evidently is found by taking the expression fur the 
integral between limits «=a and «= 0; 


“. required area = {cos7'(— 1)— cos! 1} § at am bra’, 


Tho whole area between the asymptote and the whole 
curve on both sides of AB. {4 double the preceding, or am wa? ; 
and, consequently, is four titnes the urea of the circle. 


127. Quadrature of the Ctssotd of Diocles. This curve, in- 
vented by Diocles, a Goreek mathematician, about the sixth 
century, and used fur finding two mean proportionals, re- 
sembles the curve last considered in several respects. It 
affords another instance of a finite area included between an 
infinite curve and its asymptote. 

The'cissoid may be defined by Newton's method of tracing 
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it. The arms of a bent lever are at right angles to each 
other, and the end of one of them slides along a straight 
line, while the other is always in contact with a point of 
which the distance from the straight line is equal to the 


length of the first arm. The angle of the lever traces out 
the cissoid. 





Tet B be the fixed point. Then, if AP = BD, and the 
end A of the lever move along a straight line, while PC 
remains in contact with B, the cissoid is the Jocus of P. 


Let AC =a, AB=a, PB=y. The 
equation to the cissoid will be found to be 


¥(a—z) = 2" 


Svie= [es 


=x—2(a—a)al + 8/(a — a)batdx 
(integrating by parts). 
Also, (a — 2) ade = (ax — z"dz 
=z {(}0)' — (=z — }0)*}ide, 


which is of a form which has been already 
integrated (Art. 83); 
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 Syde =—2(a— a) af 
+ 3($2z— }a)(azr— ryt fat vers". 


For the whole area between AC, CH, and the curve, it 
appears by the same considerations as in the last article, that 
this integral is to be taken between the limits #=a and 
z=, when 


Sydx2 = Jat {vers 2 — vers! O} == ¥ a'r. 


The whole area included by both branches of the curve 
and the asymptote is double this, or ? wa? = three times the 
area of the circle of which AC is the diameter. 


128. Polar co-ordinates. Let the position of any point in 
a plane curve bo referred to polar co-ordinates, namely, the 
length (r) of the straight line 
drawn from the point in the 
curve to the pole, an assigned 
point in the plane of the curve; 
and the inclination (4) of that 
line, to some tixed line in the 
same plane passing through the 
pole. Let 8 be the origin or 
pole, P the point in the curve, 
SP =r, which is called the 
radius rector, and Sz the assigned fixed line from which the 
angle PSx=6 is measured. If P be also referred to rect- 
angular co-ordinates of which Sz and Sy perpendicular to 
Sa are axes, it is easily acen by trigonometry that 


¥ 





reing = y, rcos@ = zx. 


Suppose now that it is desired to determine the sectorial 
area included between the radii vectores at two points in a 
curve and the arc between them. When a curve is referred 
to rectangular co-ordinates z and y, the integrals fyda or 
Sady between limits determine the arca included by a curve 
and straight lines parallel to the axes. The relation between 
such areas and a sectorial area is established by the following 
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129. Sectorial area in terms of rectangular co-ordinates. 
Let PQ in either of the accompanying figures be the curve, 
which is taken of such length that it is not met at two 


points by any one of its co-ordinates, and P8Q the required 
sectorial area. 


(1.) (2.) 


s fh 
Let SK=x, SH=X, QK=y, PH=Y. It is evident that 
+X 
PQKH = / yde. 

J 


Also, triangle QKS = dyx, triangle PSH = 4XY. Also, 
Fig. (1), PQS + QSK + QEHP make up the whole PSH; 


“ PQS=4(XY —xy) — f* yae 


Fig. (2), PQS + P8H makes up the whole figure, as does 
also QKUP + QSK. Therefore, 


— PQS = 4(XY —xy)— fo" yas 


Hence in both cases, PQS, the sectorial area, is, by Art. 34, 


equal to 
a Pa oat a 
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180. Secterial avea expressed by polar co-ordinates, In the 
Jaat article the sectorial area was found to be equal to 


§(fady—/f yds) between proper limits. 
Putting 2=rcosé, y=rsind, 


dz = dr cos 6 — rsin 66, 
dy =z drsin 6 + rcos 6dé; 
* ady —ydx=r'dé, 

*, sectorial area = 4 Si rd, 


where the limits of 8 are the angles between the prime radius 
vector and the radii vectores which bound the required area. 


131. The same result nay be deduced direetly from geo- 
metrical considerations, T)ivide the sectorial area by radii. 
vectores ror, r,... between the extreme radi: vectores R, 6, 
with § as centre, and at distances R, r,, r,... describe circular 





ares represented in the figure by dotted lines. The seetorial 
area is less than the sum of the sectors of which the arcs are 
without it, and less than the sum of the sectors of which the 
ares are within it. The area of a circular sector, of which 
the radius is r and the angle 36, is 49726. Therefore, the 
required sectorial area is 


less than 4 (R736, + 77,45, + 7°,26, +...) (1) 
greater than § (r*,30, + 7*,20* + 1°,26, 4+...) (2.) 
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where 26,, 30,...are the angles between the radii. Now, 
r is a finite continuous function of 6. Therefore, by Art. 20, 
the above expressions (1) and (2) have the same limit, and as 
the sectorial area is between them, it is equal to that limit, or 


; »o9 a Ee + 
sectorial area == } I rad = f J, rdrdé, where @, 
§ are the inclinations of R, r respectively to the prime radius. 


182. Quadrature of the a. 
spiral, r=asinnd, where x 
is an integer. This curve has 
2n similar loops, and, there- ~-—— ~ 
fore, the whole area contained 
by it is equal to 2m times the 
*area of one loop. 


frde = ba? f sin? nO d6. 
Integrating by parts, a 


jf sinnd. sinndds = — ~ con nd sin nt + f cost nods 


} . 
sige cosn§sinn 6 + fa —sin’n6)d0. 
Therefore, transposing and dividing by 2, we have 


[ sint nods == } ( §— ~ cos nd sin nd ), 


ra yf rao = pat( 6— ~ cos nb sin nd ), 


From the equation to the curve, it is evident that a is the 
greatest value which r can have, and that then it is drawn 
biseoting one of the loops. Since r =a when né = 3x, 
and r= 0 when §=0, the half loop lies between the two 
positions of the radius vector correspondiug to those values 
of 6. Therefore, taking the preceding expression for the 


area between limits a and 0 of 6, 


area of half loop = ja". =. 
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2 
The whole area ig da times this, or = —, which is half 


the area of the circle circumscribing the curve. Tho result 
is remarkable, as it is the same whatever tho number of 
loops of the curve. 


133. Of curves, such that one co-ordinate has more than one 
value for one value of the other co-ordinate, the quadratures 
are found by dividing the curve into several parts, each 
of which is of such length that it is not met at two points by 
any one of its co-ordinates, and determining by the preceding 
methods the quadrature corresponding to each such part. 


¥ 


a nn ae ee RRR reg, 





a © 64 c¢ gg 


For instance, in the accompanying figure tho ordinates 
rallel to Oy have three values for each value of » between 
Oc and O4, where Ce, Bé, are ordinates touching the curve 
at C and B respectively. Hut the areas AalB, CcbB, CedD, 
may each be found by the preceding methods. Also, the 
required area 
ABCDda = AabB + 6BDd, and 6BDd = cCDd — ccBb, 
.. required area = AabB + CedD — cCBB, 


It may easily be seen that the generalization of this rule 
is, to divide the area into ax many parts as the curve has 
parts, alternately receding from and sappruaching the axis 
of y; to find each of these perts by integrating ydz between 
corresponding limits; and to take the difference between the 


a 
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gum of the areas under receding parts of the curve, and the 
sum of the remaining areas. 

184. Area in terms of the length of the curve, The 
parts of the curve which recede from Oy are those for 
which @ increases as the length of the curve measyred 
from its extremity nearest to Oy increases; and where, 


consequently, if s denote the length of the curve, = is 


positive. In the other parts of the curve el is negative. 


ds 
Now, [ute = fy se de (Art. 88). 
ry * i 


If, then, &,, &,,... 8,, be the respective lengths of the curve 


dz 
from its commencement up to the points where 7 changes 
18 


fig, 
e fi'¥5 y= as, f” y 2 ae, &e. 
a §, 


are the component parts of tho required area. Tut the 
alternate parts are to be subtracted from the sum of the 
rest. The result will be the algebraical sum of all the parts, 


an 
since —- is alternately positive and negative. 
& 


Therefore, the required area (S being the whole length 
of the curve) 


=f, ve ds + JS" y= — ds + .. 
dz S dz 
+f tae Ya, as, 


if y “ be a continuous finite function of s. By the natare 
of the rajiaslies y can only have one value for each value 


of 3; and, if the curvature be continuous, has only one 


Zz 
ds 
value for each value of 3; so that the result of integrating 

dz * ‘ rw 
95; ds is necessarily definite. 


185. Negative ordinates. In investigating areas of curves, 
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it bas been assumed that the co-ordinates are positive. When 
one of the co-ordinates is negative, the processes described 
in the preceding articles will require modification. 

By the principles of analytical geometry the symbols + 
and — prefixed to symbols of length, are interpreted to 
indicate contrary directions of measurement; so that if from 
any point in a line curved or straight a length measured 
off along the line towards one of its extremitics be reckoned 

sitive, a length measured from any point in the line along 
t towards its other extremity is affected by the negative sign. 
But no such convention applics to areas which are considered 
essentially positive. 

If the curve be referred to rectangular co-ordinates, and y 
do not change sign between the limits, and 2 be positive 


or negative, Sudzx is of the same sign as y, if the limits 
be taken in the same order ag was prescribed (Art. I) 
for positive co-ordinates; that is, if # increase positively in 
passing from its value which is the inferior Jimit to its value 
which is the superior limit. This is shewn as follows :— 


S yda is the limit of the sum of terms of the form yd.x, 
where dz, the increment of a, is positive, since 2 increases 
positively, in passing from the inferior to the superior 
limit; consequently, yd has the same sign as y, and f ydx 
has the same sign. 

It follows, that for all areas on the negative side of tho 
axis of g, vA ydz is negative and J yda ia positive for all 
arcas on the positive side of the axis of z. 

In order, then, to determina the whale area bounded by a 
curve, of which pert is an the positive and part on the 
negative side of the axig of the independent variable, the 
two parts must be determined by separate integrations, and 
the negative part must be added positively to tho positive 
part. 


136. Negatire polar co-ordinates. In determining the sec- 


torial area of curves referred to poler co-ordinates, fr'd0 is 
to be taken between limite such that & increases positively in 
passing from its value at the inferior to its value at the 
superior limit. Hence it appears, by similar reasoning to 
that used in the last article, that, whether @ be positive ar 


negatixe, /* r'dé is positive. 
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SECTION XII. 
CUBATURE OF SOLIDS. 
187. Lerasolid, ABCcdab, be bounded by a curved surface 


abed and by five bounding planes, viz.:—by a rectangle, of 
which AB, BC are two sides, and by four planes dA, aB, 





Be, Cd, perpendicular to the plane of the rectangle, passing 
through its sides and meeting the curved surface in four 
plane curves ab, bc, ed, da. 

Let the curved surface be referred to rectangular co- 
ordinates (x, y, 5) of which the axea are parallel to BA, Bb, 
BC respectively, and let the surface be such that each 


CUBATURE OF SOLIDS. 85 


co-ordinate has but ane value for each valuo of the other 
co-ordinates. 

Draw within the solid planes, parallel to the bounding 
planes and cutting off within the solid, a number of rect- 
angular parallelopipeds, of which, since they are within the 
solid, the total content is less than the volume V of the solid. 

Add, now, a set of rectangular parallelopipeds (not shewn 
in the figure), within which the curved surface wholly lies, 
and which are formed by tho above-mentioned parallelopipeds 
produced. It is clear, that as these additional parallelopipeds 
are increased in number and diminished in magnitude, their 
sides approach continually closer to the curved surface; and 
that, consequently, their volume (v) may be diminished with- 
out limit. 

V is greater than the solid content of the first set of 
sl rated LN and less than that solid content + vr. 

Therefore, V les between two quantities, of which the 
difference may be diminished indefinitely. A fortiori, the 
difference between either of them and V may be diminished 
indefinitely. 

Let the lengths of edges of one of the parallelopipeds be 
dx, dy; 2 its altitude; cdzdy its volume. Let Lsdady 
denote the sum of the volumes of the parallelopipeds within 
the solid V, 


V = limit of yzdady 
= SP 2de dy (Art. 117) 
=Sffdx dydz, 


the integral being taken between limits which depend on 
the boundaries of the solid. 

In the figure, for the sake of simplicity, the internal 
planes are supposed to be equidistant. 


138. The limits of integration for the cubature of a solid 
may be investigated by the following method of exhibiting the 
result just obtained. Let MM'NN’ be an element of the 
curved surface, QQ’RR’ its projection on the plane of ay. 
Let QQ, = 22, QR=dy. In the limit the sulid M’R is 
a prism, of which the alutude is 2 and tho ares of the 

dady; 
oo dVY = rdeaedy. 





Suppose the equation to the curved surface gives z = f(z, y). 
Then 


dv = ff f(z, y)dzdy. 


In this expression take first (Art. 117) y constant, and 
integrate f(2, y)dady with respect to # The result is 
the limit of the sum of the prisms, of which the bases are 
between the parallel lines ¢Q’, rR’. Let r= X and «=x 
be co-ordinates of the extremities of their lengths in the 
solid ; 


a dy - zd 


is the analytical expression of the content of the row of 
prisms just defined. 

In order to find V, we have to add together this and the 

Nel rows of prisms, and to take the limit of their sum. 

ie y, y be co-ordinates of the bounding planes parallel 


to 22, 
y sx 
Ve f / sdxedy, 
fl Y «6 - 


180. Solid bounded laterally by a curved surface. We have 
in the preceding articles taken the most simple case of 
cubature, that in which the solid is bounded laterally by four 
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planes. The limits of x and y are then the same for every 
point of the solid, and independent of each other. In this 
case the integrations are comparatively easily effected. If, 
however, the solid be bounded laterally by curved surfaces, 
the extreme values of 2 and y are no longor independont, but 
are connected by the equations to these curved surfaces. 

Let X, x be constant quantities; Y, y two functions of the 
variable 2; Z, z two functions of the two variables w and y. 
Then it may be shewn that if the volume included between 
the six surfaces, of which the equations are respectively 


a t=xXy=Viy=y, eas 4, + se 2, 


be designated by V, 
X sY /°% 
VY= { / / dady ds. 
ae XS gf ¥ alt 


From the equations to 
the six surfaces it will 
be seen that V is the 
volume of a solid, De, 
bounded by two cylin. 
drical surfaces ECce 
and FDd/f, of which 
the traces are Aa and 
BL respectively; by 
two parallel planes ed, 
ED, of which AB, aé 
are the intersections 
with az, and by two 
curved surfaces CDde 
and EefF. y 





140. Hyperbolic paraboloid. The equation to the surfacg 
of the hyperbolic paraboloid is y= ¢z when ¢ is a constgnt. 
The general expression for the volume becomes 


I 
Vz - IS xy dy dz. 


Let it be required to find the volume contained by this 
surface, the plane * and a cylinder of which the base is a 
circle of radius r, the axis parallel to the axis of <. 
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Integrating first with respect to y between limits Y, y, 
V= = Sv — y)ade. 


Now the equation to the cylinder is (2 — a)? + (y— 4) =r", 
which gives two values of y for each value of 2. One of 
these values is tho superior, and the other the inferior limit 
of the integration just performed ; or, 


Y=x=b + {r?'—(x—a)}, y= b— fr? —(@ —a)"p); 
w Ytey? = 4bfr —(e—a)P; 


Ws =f { —(2— a) ede, 


The extreme values of 2 are evidently a+r and a—-r. 
Taking the last integral between those limits, it will be 


f, 2 
found that V == —-.-— 
Cc 





141. Solids of rerolu- - 

tion are those generated SS 
by the revolution of a 
plane figure about a fixed 
axis. Let the revolution 
of a curve AB about an 
axis through A generate 
the surface of such a 
solid, and let the equa- 
tion to AB bo y= fz, 
where #2 is measured 
from A along the axis 
of revolution. 
s Jt is clear that the 
volume of the solid is the limit of the sum of a number of 
elementary cylinders having the same axis. Let 32 be the 
altitude of one of these cylinders, y the radius of its base; 
. wy’ is the area of the hase; and that area multiplied by 
the altitude, or sy'dz, is the volume of the elementary 
cylinder. Therefore, the required volume is equal to 


the limit of £(wy"la) = « f y'ds. 
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142. Content of a cone. A cone is generated by tho rota- 
tion of a triangle about one of its sides. Let y = ax be tho 
equation to the straight line generating the conical surfnee, 
where a is the tangent of the angle at which that straight 
lite is inclined to the axis of revolution. The content of 


the cone x= wa’ fz’dx = hwa'x’ (taking the integral be- 
tween limits 0 and x) = Amy’x’, or tho solid contont of a 
cone is one-third the area of the base multiplied by the 
altitude = one-third of the content of the cylinder having 
the same base and altitude. 


143. Paraboloid of revolution. The surface gencrated by the 
revolution of a parabola about its axis, is called a paraboloid 
of revolution. To find the solid bounded by such a surface, 
and a plane perpendicular to the axis, we must put y’ = aa, 
the equation to a parabola. 


Tho required volume = na farda = frase’. 


144. Solid of revolution through any angle. The quantity 


wfyde=Inffydyde. Also it is evident, that if the 
generating figure turn through an angle ¢@ instead of 27, the 
solid content generated is equal to 


of fy dydy. 


145. Limits of the preceding integrals. If the generating 
figure have not for one of its boundaries the axis of revolu- 
tion, but a curved line, of which the equation is y = da, 
the limits of integration of ydy are Jz and dz. Similarly, 
if it be required to find the solid generated by the portion 
of such a figure of which the extreme co-ordinates are two 
particular values X and x of z, the integral with respect to 
«2 must be taken between those limits. 


146. Content of a solid of revolution tn terma of its area. 
Let g be some constant quantity. Then if # were cqual to the 


greatest value of the variable y, IS ¥dydz would obviously 
be greater than //ydyde. If 7 were equal to the least 
value of the variable y, [/gdydz would be Jess than 
SS ydydz. There is, therefore, some value of the con- 
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atant # between the greatest and least yalues of y, for which 
S is Udy dz, or 
i Sfdydze= fy dy da. 

(By Pappus's Theorems, y is shown to be the distance 
of the centre of gravity of the generating figure from the 
axia of revolution.) The integral on the first side of the 
preceding equation expresses the area of the generating 


re. Therefore, from the last article, the content of the 
solid of revolution through an angle ¢, is equal to 


¥¢o X aren of generating figure, 


where 7 is a line less than the greatest and greater than the 
least distances of points in the generating figure from the axis 
of revolution. 


147. Cubature of a solid of revolution by polar co-ordinates. 
Let PSA =6, PS=r be theo 
co-ordinates of any point Po» 
in n plane figure referred to 
the pole 8 The area of an 
element PP’ of the tigure is 
(by Article 181) rdSdr. By 
the lust article, the solid 
generated by the revolution 
of PP’ about SM through an 
angle $, is rdédr x a dis- 
tance which is ultimately 
equal to the distance of P 
from SM, which is equal to 
rcoa6. Therefore, by the 
last article, the elementary solid = grcosfdédr, and the 
content of a solid of revolution generated by a sectorial area 
revolving, about an axis fixed with respect to it, through an 
angle 9, is equal to 


p Sf rcosddbdr. 


148. Cubature by polar co-ordinates. Every solid may be 
pala ay by the rotation about a fixed axis of a generati 
gure of which the form is variable. Suppose the angle 
rotation to be @. Then any solid may be considered to be 
generated by the rotation of a figure bounded by a curve of 
which the equation is r = f(¢, 6). 





8 aA 
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When the generating figure has revolved through an 
angle ¢ + d¢, the equation to this curve becomes 


r= f (fh + 39, §). 


The solid bounded by the two corresponding generating 
figures may be always so taken as to be within that generated 
by the rotation of one of them, and partly without that geno- 
rated by the rotation of the other, through an anglo 3¢ 
Hcnce, ultimately, the required content is equal to that due to 
the rotation of either figure: and, therefore, by the last article, 


is equal to 3p f/rcosédédr. Hence, the whole required 
solid content is equal ta 


SSS rcosbdbdrdg. 


149. Cubature by polar co-ordinates by direct investigation. 
Let an assigned point S be the 
pole; let SRQ be an assigned r 

lane, and SR an assigned straight 

fine in that plane. The position 
of a point P may be determined 
hy the length () of SP, the radius 
vector, $, the angle at which SP 
is inclined to the plane, and @, the 
angle at which the projection of 
BP on the plane is inclined to the 
assigned line SR. 

(This is evidently similar to 
a determination of the distance of 
a point above the earth by its 
distance (r) from the observer, its angular elevation above 
the horiaon (6), and (@) ita ‘‘ bearing " north or south.) 

In order to find the solid content bounded by a curved 
surface and planes mecting it and passing through the polo 
S, suppose that, by a number of planes passing through the * 
pole, the solid is divided into a number of pyramids having 
all their vertices in 8. 

The required solid content is greater than the sum of 
the pyramids within it, and less than the sum of a cor- 
responding set of pyramids partially external to it; and 
as the difference between these two sums may be dimi- 
nished indefinitely, the limit of either of them is the required 
solid content. 
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Let P, P’ be two 
adjacent points in 
the curved surface; 


P&p=h, pSR=q, 
co-ordinates of P; 


9428, 6 +39, 


co-ordinates of P’. 
Draw through P, P’ 
respectively, the 
planes PQSp and P’Sq’Q’, perpendicular to the plane in 
which @ is measured. Also, draw the planes PQS and 
PQ’S, respectively perpendicular to the last-mentioned planes 
through P, P’. Therefore the angle PSQ = 2 and 
psq’ = 3¢. 

Ultimately, P’S = PS =r, and the pyramid on the rect- 
angular base P’P is an element of the required solid. Now 
the content of such a pyramid = 3 area of base x altitude. 
QP = q'p = Sp.dq ultimately (assuming the proof given 
hereafter, that the lengths of a chord and its arc are ulti- 
mately equal). But pS=rcosé, ©. PQ’ =rcos6 3p ulti- 
mately. 

Similarly, QP = 126 ultimately; altitude of the pyramid 
=r ultimately; .. its content = 4rcosé4¢.rdé.yr ulti- 
mately. The required solid content is the limit of the sum 
of such elements, and therefore is equal to 


Sf kr cosbdgdd, or JL f? cos ddrdg dd. 


This result is the same of the last article, in which the 
game letters evidently signify the same quantities. 
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SECTION XIII. 
RECTIFIOATION OF CURVES AND COMPLANATION OF SURFACES. 


Axiom I. Of lines which join two assigned points, a 
straight line is the least. 


Axtom IT. Of superficies which have an assigned plane 
perimeter, a plane is the least. 


160. Of all lines having the same extremities as a given 
curve, and met by planes which meet every point of iu but 
cannot cut it, the curve itself is the least. This proposition is 
proved by an extension of a method given in the Author's 
‘Manual of the Differential Calculus,” Art. 6%. 

Let AB be the assigned 
ourve, either plane or of 
double curvature. Then 
lines joining A and B and 
met by planes which meet 
but cannot cut APB, are all 
of some si but not all 
of the same length. Thero 
is, therefore, ono at least 
of these lines which is the 
shortest possible. Let iif 
possible) ACB be one of 
these lines. Then, by hy- 4 
pothesis, ACB is met by 
the plane at any point P of APB. Two different lines 
cannot have common to all their points, planes which meet 
but cannot cut them; therefore, the plane through P may be 
taken to cut ACB in two points E and F. Therefore, PE, 
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a straight line, is shorter than FCE (Axiom 1). Therefore, 
ACB is not the shortest of the lines in question. In the 
same way it may be shewn that any other line than APB 
is not the shortest, but a shortest exists, therefore APB is 
the shortest. 


151. Of all surfaces having the same perumeter as a given 
surface, and met by planes which meet every point of it but 
cannot cut it, the given surface is the least. Let APB be 
the assigned surface, 
having an assigned pe- 
riumneter AaBb. Then, 
surfaces having that pe- 
rimeter and met by 
planes which meet but 
cannot cut APH, have 
all some magnitude, but 
not all the same mag- 
nitude. There is, there- 
fore, one at least of 
these surfaces which is 
the least possiblo. Let 
ACB be one of these 
surfaces. ‘Then, by hy- 
pothesis, ACB is met by the plane through any point P of 
APB. Two different surfaces cannot have common tangent 
planes at all their points. Therefore, the plane through 
P may be taken to cut ACB, which cuts off from that plane 
a plano superficies. This plane superticies is less (Axiom 
IJ.) than the curved surface between it and ¢. Therefore 
ACB is not the least of the surfaces in question. In the 
samo way it may be shown that no other surface than APB 
is the least. But a least surface exists. Thorefore APB 
is the least surface. 





152. The length of a curce the limit of the length of 
a polygon, Let AB be a normal to any curve, CBc (plane 
or of double curvature) and Ce a chord intersecting the 
normal perpendicularly at D. Draw «BE at right angles 
to AB, and in the same plane the normal ACE, and C¥ 
perpendicular to AC. ECF is a right anglo; .°. EF > CF. 
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Let the arc cBC be of such 
length that its curvature is con- 
tinuous; then F and the curve 
are on opposite sides of touching 
planes at all points between C 
and B. Theréfore, by the last 
article but one, 


BF +CF>CB, but EF>CF; 
* BE > BC. 


Arc CB > chord CB > CD (a 
forttori). 


By similar triangles, 
BE: DC .: AB: AD. 


As the curvature is continuous, the chord Cc ultimately 
coincides with the tangent at B, when the are CB is in- 
definitely diminished. Hence, ultimately, AD is equal to 
the finite line AB, which is the length of two ultimately 
intersecting normals, and therefore is a radius*f curvature ; 
.. the limit of the ratio CD: EB is 1. Hence, since the 
arc CB is between CD and BE in magnitude, the limit of 
its ratio to either of them is 1, 





4 


ii Ae Bice _ . CB 
“. limit —- = 1;  eimmilarly, limit ~— a {. 
Cc 


cp D 

\ , . CBe —_ are 
Adding, limit — - = 1, or limit --—, = J 

CDe chord 


Hence it follows, that if in or about any curve of finite 

itude be described a polryon of any number of sides, 

the length of the curve is equal to the limit of their sum 

when they ere indefinitely diminished in magnitude and 
increased in number. 


Corotzany. Let Cc be the are of a circle of which A 
"B 
is the centre, and the angle BAC = 9 me according to 


De cD ; 
the circular measure of angles. AG = Sin 6; 


CB CB C oe 6 
ae | = lien samme limit aaediion- miliremeait.—1 limit sanemmin eg 
mito = AG AC sind 
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153. Nectification of curves. If rectangular co-ordinates, 
(o, y, x) and (2 + dx, y + dy, z +382), define two points in 
a curve, the distance between them is (3# + dy? + 327), 
which is the length of tho chord. Hence the length of 
the curve is the limit of the sum of quantities of the form of 
(da* + dy? + 327)t 


. dy ds 
=/((+itia) & 
When the curve is plane one co-ordinate may be omitted, 
and the expression for the length of the curve becomes 


. dy? 4 
/ (1 +3) ie. 


154. The supersicws of a curved surface ts the limit of the 
superficiea of a polyhedron, Leta polyhedron of any number 
of sides be cireumscribed about a curved surface which is taken 
of such magnitude that its curvature ix continuous. Then 
al} tangent planes of the curved surface cut the {entries 
Therefore (Art. 151), it is greater than the curved surface. 

Within the curved surface inscribe a similar and similarly 
situated polyhedron. It is clear that planes may be drawn 
through every point of this polyhedron, which do not cut 
it, but cut the curved surface. Therefore, by the same 
article, this polyhedron is less than the curved surface. 

Also, in a continuous curved surface, an inscribed plane 
ultimately coincides with a tangent plane when the surface 
subtended is indefinitely diminished. Therefore, the edges 
of the inscribed and circumscribed polygons ultimately coin- 
cide, and the limit of the ratio of the lengths of two homo- 
logous edges is 1 (Art. 152). 

Also, their homologous sides, being in the duplicate ratio 
of their homologous edges, have 1 for the limit of their 
ratio. Therefore, the surfaces of the polyhedrons are ulti- 
mately oqual. Consequently, the curved surface betweefi 
them is ultimately cqual to that of cither polyhedron. 


165. Section of a parallelopiped. The following proposition 
will be required in determining the complanation of solids. 


RECTIFICATION OF CURVES, ETC. 07 
Let ABCD be the base of a rectangular parallelopiped, of 
which the sides AaD, ab, bC, cCD are cut by the plane 
abcD, which is a parallelogram. Its area is required. 





P 
a 
a 

A. Lee 

poi 
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In the right-angled triangle aAD, al’ = Aa? 4 AD’, (1) 
Similarly, De? = DC* + Ce’, (2.) To find the distance ae, 
let a perpendicular ce be drawn from ¢ on to Aa. Then 
sem Aa — Ce, and in the right-angled triangle ace, 


act= ce? + (Aa—Cc) = AC + iAa~ Ce)! 
== AD’ + CD’ + (Aud — Cc)’, 65 | 
Tn the triangle aDe, by a trigonometrical formula, 
act = ab? + ¢cD'—2aD.cD cos aD, or from (1), 02), 05), 
AD' + CD? + (Aa — Ce)? = aA? + AD’ + DC! + Ce! 
— 2(aA* + AD‘) (De: 4 Ce jheosa De; 
“, Aa. Ce = (aA? + AD’)! (DU! + Ce )beosa DE; 
also required area aie D = aD. cDsinaDe, aud 
sintaDe = 1 —cus'aDe; .. (abeD)! : 
Aa’.Ce! 
(aA? + AD") (DC + Ce’) {1 - aT Tie) 
abeD=(aA?. DC? + AD? DC? + AD’. Ce’ )i, 


186. Complanation of surfaces. Let the surface be re- 
ferred to rectangular co-ordinates z, y, z. Also, suppose the 


surface be cut by several jege parallel to the planes zz, ye, 
respectively. ‘Then, by Art. 154, the surface is equal to the 
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limit of the sum of the sides of an inscribed polygon, and 
therefore is equal to the limit of the sum of parallelograms 
inscribed within the surface and bounded by the supposed 
planes. 

In the last figure, lel AD be parallel to the axis of a; 
AB to that of y; Aa to that of 2; and let (2, y, z) be the 
co-ordinates of Dand DA =8r; AB=2dy. Also let D, a, 
and J be three points in a curved surface. Then, if in the 
equation to the surface, when a is increased by da, and y 
does not increase, z be increased by 0,2, A@a==é,z. Simi- 
larly, if 3,2 be an increment of 2, due to an increment 
cy, @ not increasing, Ce== 3,2. ‘Therefore, by the last 
article, 


abeD = (8,2" by + 82°. dy? + 827 82’), 


Henco the required surface is equal to the limit of the 
sum of terms of the form 


(1 3. 8,2" 4, s* “) ded 
or the surface 


= ffasias a y + e ) 
da ( dy : 


where the parentheses indicate partial differential coefficients. 
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SECTION XIV. 
INTEGRATION OF DISCONTINUOUS FUNCTIONS. 


157. Tue Definitions of Inteyrals, Arts. 17 and 115, were 
reatricted to finite continuous functions of @ finite vanable, 
and the principles of integration were established on tho 
tacit assumption that the inteyrals were finite exact quantities. 
and that, consequently, each function integrated had a single 
determinate value for each value uf its independent variable. 

If, therefore, a function be discontinuous, vr have intinite 
or indeterminate values between the Hints assivned for imte- 
gration, or if either of these limits be infinite, the preceeding 
definitions do not apply to it. Tt may be observed, that the 
accuracy of most of the foregoing thecrems depends essen. 
tially on their aan to flaite functions, and is violated 
by the violation of this condition. 

158. The following is an instance of the errors that would 
arise from application 
of the theorems of the y 
preceding sections in 
neglect of the consider: | 
ation of the last para. 


graph. 3 
] pas: 
Let 4= be the ee ng aN 
equation to a curve re- pit po 
ferred to Ox, Oy, a3 oy | . ie 
rectangularaxes. These i ayn ok ao 


axes are asyinyilotes of 
the curve, which has two similar branclies. 

The arca included by any portion of the curve, the ordi- 
nates at its extremities, and the axi4 of 7, I» equal to 


Sydx between corresponding limita (Art. 19, if the fune- 
tion integrated be finite and continuvus between those limits. 
Therefore, the area 
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if OA==a, Ob=b. This value of the area is incréased 
indefinitely as 4 is diminished. We may, therefore, make 
the area APQS as large as we please by taking the point 
5 near enough to O. 

If, however, we integrate from a to — a, we find the area 


APypa = 2 
ypa=—-, 


if Oas=—a. And this result is evidently erroneous, for it 
gives tho expression for the area, which ought to be positive 
(Art. 115), a negative sign, and it makes it equal to a finite 
quantity; whereas it has been proved, that of the area a 
portion may be taken indefinitely large. The error arises 


from integration through an infinite value of the integrated 
function. 


159. The meaning, then, to be assigned to integrals of 
functions which arc infinite or discontinuous between the 
limits of integration, is up to this place purely arbitrary; a 
definition of such integrals may, however, be given, which is 
so strictly analogous to the preceding definitions, as to render 
obvious the methods of extending to discontinuous functions 
the principles already demonstrated. 


Derintrion. If fax become infinite, impossible, or dis- 
continuous for cither or both the values z=a, z=b, but 


vel 
not for intermediate values, let /, Sada be defined to be 


, a—_ 3 
the limit of dics ‘fedx, when 8, and 8, are any continu- 
a 4 


ous quantities which have the limit zero; a—8, and b+, 
being values of 2, between a and 6. 

More generally, if f2 become infinite, impossible, or 
discontinuous for the finite number of values a, 6, ¢...m, 
and for none else, of z between X and x, let, by analogy 


xX 
with Art. 27, i, Jxdz be defined to be the limit of 


x va—F, 78-3, 
ae fads a ee Sada + Sg fada + ces 


+ | ia fade... (a) 
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when @,, 4’, ... are any continuous quantities which have 
the limit zero; a — 2’, and b + 3, being between @ and 4, 
&— 3’, and c +2, between b and ¢, &c. 


160. Principal values of integrals. The value of / x, eda, 
a’? & 


as just defined, may be dependent on tho relative magni- 
tudes of the arbitrary quantities 8, 8’, ... If these quantitics 
be assumed to be all equal, the integra) has then what is 
termed by M. Cauchy its principal value. 


Exawreie.—The following is an instance of an integral, 
of which the value, according to the above definition, is 
essentially arbitrary :— 


‘+a dz a 2adz oe 3, dx 
— = himit ( f ~~ =f / ace ) 
@ J/3 Ty x 


a ~ a ami k 


rade dar 
ee — t. 39, TV. 
A, YH ee mo ) at : 


== limit ( 


os 3 Sa 
= limit log, - = loge, (limit » ys (Art. 15,) 
> I \ I 


A quantity to which any value whatever may be assigned at 
pleasure, by assigning « corresponding relation between the 
arbitrary quantitics 4,, 3,. 

If in the preceding result 8, = 8, we have the * principal” 
value of the integral equal to log, 1 = 0. 


161. Condition that integrals may he determinate, T.very 
function which is finite and continuous between any exact 
limits, either continually increases or continually decreases, 
or alternately increases and docreases an exact number of 
alternations. « Take two Jimits, between which it continually 
increases or decreases. The integral of the function between 
those limite is (Art. 22) between its two finite quadratures, 
and is, therefore, a finite quantity. It is also determinate, 
not arbitrary, for the only arbitrary quanjitics in the quad- 
ratures disappear from them in the himit, Art. 26. Also, 
the whole integral between any finite limits is the sum of 
integrals, such as that just considered, and of which the 
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number is that of the alternations referred to. Therefore, 
the whole integral is an exact quantity. 

If, however, the function to be integrated be not always 
finite and continuous between the limits of integration, the 
integral is the limit of the sum of the integrals of (@) in 
the last article but one. If the limit of all of them be 


x 
finite, a Jada (their sum) is finite, It is then also 


determinate. For each of the integrals of (a) is determinate 
according to the last paragraph, and the only arbitrary quan- 
tities 8,, 8... deny ee in the limit. 


Hence, when { fadz is cither infinite or indeterminate, 
J x 
the integrals in (@) have not all finite limiting values. If those 
which are infinite in the limit be all positive, Sada 
is evidently equal to + x; if they be all negative, to — ow. 
*x 
Wenca, the only case in which / fueda can be inde- 
w/ 


terminate or arbitrary, is when more than one of the inte- 
grals in (a) are infinite, and have different signs in the limit, 


*X 
when | Juda takes the indeterminate form (adding to- 
ai X 
gether tho infinite quantities with ke signs) a — oa. 


it : ‘ada, Bags 
For instance, in the last csample, f —- 18 the limit 
az 


— 


of the sum of two integrals, of which the first has the limit- 
ing value + x, and the second — x. 


162. The preceding principles may be illustrated geomo- 
trically. First, with respect to finite continuous functions: 
let y be such a function of #, and #, y, the co-ordinates of a 
plane curve which will be unbroken, since the function is 
continuous, Whatever may be the form of the gurve, a finite 
area is included by a finite portion of the axis of #, the 
ordinates at the extremities of that portion, and the arc 
between them. But this area is equal to fyds, taken be- 
tween finite limits. 

Next, let the function be not always finite and contiguous. 


Then it will be represented by a curve, y = fa, which has 
infinite branches, or breaks, or both. 


INTEGRATION OF DISCONTINVOUS FUNCTIONS. 10g 


Where there are breaks only, 
as from B to C and D to F, and ” 
not infinite branches, let @ and 4 
be the values of a» at the points 
a and 4 in the diagram. Then 
the area aABé is evidently equal 


2% 
to the limit of J 
Jatt, 
finite quantity. Similarly, the 
areas bounded by the other parts 
of the curve are expressed by the limits of integrals of the 


ydax,a 





, 


; : x. 
form of those in (a), Art. 159; and the quantity / tade 
x 


e 
in that article represents the whole area of the curve, which 
is equivalent to the sum of the areas of its parts. 


If the curve be of the form 
AB, CD, and have no values of y 
between BL, Ce, the function i314 " 
impossible for tho infinite num. 
ber of values of « greater than 
O8 and less than Oc. Then tho 
definition of Art. 159, which is 
restricted to functions with a finite 
number of impossible values, 18 
inapplicable. In order to inter. “4 
pret geometrically or analytically 
integrals of such functions, another definition would be re. 
quired, as essentially arbitrary as that just mentioned. 

Next, let the curve have infinite ordinates y for finite 
values of #. These ordinates are asymptutes of the curve, 
and the area bounded by the infinite branches of the curve 
may be finite, as in instances given in Arte. 126 and 127, 
If ordinates y be all positive, these areas are positive, 


a re ae 
- 
anenre y 


, *X pays 4 
and their sum is the quantity / Jadz, which is now 


a’ & 
under consideration. If some of the ordinates be negative, 
the corresponding areas are negative (Art. 185), and the limit 
of some of the integrals in (aj, Art. 159, will Le negative; 


x 
eo that f, fadz, the algebraica) sum of the limits of those 
x 


integrals, will represent the difference between the total 
areas on opposite sides of the axia of z. 
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Lastly, let the curve be such as to represent ie f ads 


1 the form o—o. The 
urve, of which the equation y 






1 ae ee 
sym. has two similar in- 


inite branches; one on the 
jositive and one on the nega- 
ive sides of both axes, which 
re asymptotes. Let OA=a, v? 
Bab. TheareaBbaA —— 


=f, Zaney. 


Toct OA’ —=— a, 


se 
a 


hy 


OB = —8,; 


.) 3, { 
areca B’U'a’ A’ = {- “= (Art. 135) 
e7 ~ & 


=[ ee (Art. 39, IV.) = log =. 


—3 
Che integral fs c= is the limit of [a sed +f da 
— et v ~ 


a 
= limit of (area BhaA — area Ba‘ A 5) as B and B’ ap- 
roach O, But the difference between these two is arbitrary, 
or it depends on the satio of the two arbitrary quantities 
dB, OB’. If we choose to assume OB = OB’, the two areas 
BbaA and B’l’a’A’ are always equal ; their difference is 
hen zero, which is, therefore, the “ principal” value of the 


va a 
ntegral tate = 


163. Integrals with tnfinite linus. The definitions of 
ntegrals (Arte. 17 and 159) were restricted to finite limits. 
The extension of the definition to integrals with infinite 
imits, may, by obvious analogy with preceding cases, be taken 
o be the limit which the integral with f finite limits approaches 
vhen either or both limits are indefinitely increased. 
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164. Multiple integrals of discontinuous functions. Many 
of the principles of this section respecting integrals of one 
independent variable may be extended to multiple integrals. 

For instance, it was shewn in Art. 118, that the result of 
multiple integration of finite continuous functions is tho 
same in whatever order the several integrations be per- 
formed. This principle does not hold for functions which for 

rticular values of the independent variables between tho 
imits of integration become intinite. 


2 My 

 —* if = first approach the limit 0 
(z+ y) 

and then y, has the limit x; and, if y first approach the 
limit 0 and then 2, has the limit — x. We cannot, there- 
fore, affirm, that 


” a ef “° ‘eoesiies r 
f dr f du-—- .-, and 
a’ a we om b (4 + y') 


+b a vo 
et 
of —b w/a (e'+y): 


have the same result. 


For example, 


ye — ¥ wm Ih 


ory ms 
a « 


Pigs ree a 
taking the integral between limits, y = ¢ and y == — A, 
~ dx : 2 a 
— 2h / aoe see QtanT) me tan, 
J rth’ i b 


taking the integral between limits, 2 = @ and x = — a. 


Now reverse the order of integrations. 


igh c 

— J 2 2 
f vo . dz-= 7 ivecureaperd 
wJ & ty 5 ie ae ¥+a 








} 
’ 


+ d 1 
ga fA = tte T = 4 tan”! 
Jyt+e : 


3 
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taking the integral between the same limits ag before. 
Hence the two results differ by 


l b b 
4 tan! + 4 tan! =: 4 (= — tan! - ) +4 a = Qe. 


165, Iu order that multiple integrals of discontinuous 
functions may be the subjects of exact investigation, a new 
arbitrary definition is requisite. The following is an obvioug 
extension of the definition for discontinuous functions of one 
variable. 


Derinition —--Omit ranges of values of the function be- 
tween arbitrary limits which include the discontinuous values. 
Integrate the function for the rest of its values. ‘The limit 
of the result when the ranges of excluded values are as far 
as possible contracted is the required integral, 


166, To illustrate the definition, suppose, first, that there 
are only two independent varinbles, a and y. Consider them 
to be rectangular co-ordinates of a point, of which f(a, 7), 
or z, is the third rectangular co-ordinate. Then s = f(a. ) 
is the equation to a surface. Suppose, first, = to become 
infimite only when drawn from an isolated point (a, 6), in the 
plane of wry. 

Now, inclose the isolated point by any contour in that 
Mane. Then integrate for all valnes of 2 drawn from points 
inthe plane of av, without this contour, The result is, the 
volume of the solid under the supposed surface, minus the 
content of a tube surrounding the infinite ordinate. The 
analogy with the preceding definition requires that the bore 
of the tabe be diminished indefinitely. Now, the bore or 
contour may diminish an intinite number of ways. — Its 
ultimate form may be any curve or a point, 

Again, all things else remaining as before, let z be infinite 
when drawn from any point of sente finite curre in the plane 
*.y. Surround this curve by a contour on the same plane. 
The sohd, macus the content of the tube, having this conteur 
for its bore, is taken as before; but in this case the contour 
necessarily contracts into the assigned curve. 


167. If the function include three independent variables 
2, My, 2, we may regard f(x, y, 2) a5 some kind of magnitude 
(a mechanical magnitude, for instance.) which depends on 
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the position of points in space. Then, without assigning a 
meaning for the integral, we may suppose that the function 
becomes infinite, either at an isolated point, or at all points in 
a certain line, or all in a certain surface, or all in a certain 
solid. In either case, suppose the point or points surrounded 
by a surface, Theo required integral is the limit of that 
of the remaining solid when the surrounding surface ia ron- 
tracted to the utmost. When its ultimate form is a surface, 
the equation to it gives one relation between the varinblo 
limiting values of 2, y, 2: when the ultimate form is a 
line, the equations to it give two relations; when the ul- 
timate form is a point, three. In the same way with a 
independent variables, it may ba conceived that 1, or 4, 
or 3... or 2 such relations exist, of which, sume may be 
arbitrary. 


168, The required integral, consequently, may depend 
on arbitrary relations, and itself, therefore, be arbitrary. 
Where, however. the function is such as to bo infinite only 
for tsolated values of the variables, and is the same in what- 
ever manner the ranges of the excluded valucw are con- 
tracted, the following method gives the required determinate 
resnit, 

Let a function (2, “a... a, r) become infinite or dis- 
continuous for a finite number of values of the independent 
variables of which those of r are a,, a, @,....4,, and none 
else between Rand r. Also, Jet the required integral 


7 7y oR 
f dz /, dy. dr f(t, Yud) 


e: a 


+R 
be reduced (Art. 117) to the form / Viridr, by the 


successive integration of fs, 4.2.09), amd other functions 


(which have not discontinuous or infinite values until a, a, 
Gy vee be substituted in them for r). Then the required 
integral may be considered to he the limit of 


BR a,— 7%, a,~¥, 
F(ridr +- f Firjdr + Firjdr +... 
ae ir 7 : a’ @ “+ 3, ) Seis 2, . j 


va —F 
+f "  "* F(rjydr, 
r 
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when 8,, 3,’... are any continuous quantities which have 
the limit zero; a,— 8, and a, +8, being between a, and 
a,, @,—, and a,+ 3, between a, and a,, ke. 


169. The integral ix independent of the order of integration. 
Tet « designate the independent variable preceding r in the 
order of integration of f(z, y... 8, 7), 80 that 


8 
J f(r, s)ds = Fr, 
ea 8 


just referred to. The integral is, by the preceding suppo- 
ition, the limit of 


a P *a,—d, 8 
Ee itr f f(r, 8) de 2 dr f f(r, a)da+... 


%q ~} 8 
+f ” "arf 1.8) 08 souesscee (1) 


Let b,, 4,...4,, be the values of 4, which correspond to 
(,@,...4, Of r, to render the original function discontinuous 
or infinite. It is required to shew that (when ¢,, ’,... have 
the limit zero) the limit of 


'§ R b—r R 
/ ds / f(r, e\dr + def f(r, e)dr +... 


af bite ee af byt+4, * 


+ for da foe 8) disses (%) 


ix the same as that of (1), if that be not arbitrary. 
For brevity, omit all the symbols of integration except the 


limits. Then indicates the operation of integration of 


f(r, s) between limits S and «. Then, since f(r, 4) is a 
continuous function, while the value of r is general, 

b —s 
m = “ 
iar 


f 
§ 


oe ee Hr ah ere ee 
@ bts, be, byte, b,—s', b- 


ly Art. 27. Therefore (1) becomes, supposing the operation 
written outside cach bracket to be performed on all within it: 
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BR 8 b,+e bs’ b boas 
( tty ' ae oa *s) 


0,43, late, be, bats, 


a,+F, i Bits, | bs, i 

a,$3, (B40, b,—8, Bs bate, ay +. (L.) 
+ &c. 

a —3. 8 b45, b,—*, b+ boa) 

Stents 


In the same way (2) becomes 


Tete te | 


8 R a,43,  a,—?, 
, ro ai 

Bots, (a,43, 0 a,—3', a,-+3, a8 r j 

b,—s, (R a,+3 7, ats ~~} 

§ ' | 1 ' a, ee ™ 400 “lary 

bats, (a,t3,  a,—-8, 4,43, a,,—V or ) 
+ &c. 

bot (R aj43,  a,—3, atd a ey 
ara la,+%, a,~?, eer een j 


It will be found that the alternate expressions, beginning 
with the first and ending with the last in tho { }, corre- 

nd to integrals which are common to (I.) and (II.). 
fence, the difference (I.) —(II.) does not contain those 
integrals. 

Of all the remaining integrals, the limits written in the 
{ } indefinitely approach each other when «,,,...8,, 3%, ... 
approach zero. Hence, the limit of each of these integrals 
is zero. Consequently, as their number is finite, the limit 
of the difference (I.)— (I1.) is zero. Therefore, (1) and (2) 
have the same limit. This result shews that it is immaterial 
with respect to which independent variable the tinal inte- 

tion 1s performed. And, with respect to all the other 
independent variables, the order of integration is proved to 
be independent in Art. 117. 
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SECTION XV. 
DEFINITE INTEGRALS. 


170. THere are many functions, as has been already 
axtated (Art. 40), of which the indefinite integral cannot be 
expressed in finite terms by ordinary algebraical, logarithmic, 
and circular functions; where, however, general integrals 
cannot be found, integrals between particular limits may be 


. e a — 
frequently determined. Tor instance, f e~*' dz cannot 


be expressed by a finito number of algebraical or trigono- 
metrical functions of @ and 4; but 


“o —," 
€ : dz = 4 mrt, 
0 


as will be presently shewn. 

The subject of definite integration is of great importance 
in dificult, mathematical investigations, and it frequently 
happens that the particular limits between which definite 
integrals can be most readily determined, are those to which 
such investigations lead. The scope of this treatise will not, 
allow of more than a very brief notice of one or two of the 
most important principles of definite integration. 


+] ] a~]} 
171. The second Eulerian tntegral. /, (tog ; —) dz, 


7m l 
which ig equivalent to /, a'e~ de when log, = 4, 


ry 
derives its name from Euler, who first investigeted it. It is 
designated by Legendre by the symbol [(n), where x is 
positive. The integral is evidently a function of 2 only. 


> 
172. To determine /, xe "dar, where n is a positive 


a 
integer. In Art. 80, write P=e*; o. Py ane, 
P =-a“e™. &e. ‘Therefore. 
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[vevdz= e~*7 (aa +a nat 
a 
+a. n.m— 1.2 +. fart a1 1), 


When 2 becomes infinite, 2"e-~ has the limiting value 
zero, by evaluation according to the methods of the Diffe- 
rential Calculus ; 


[e +) 
J f ZeMdemsanth)] 9,8 .0n. When a=, 
a 


Qo 
f, Ber dez liane iat 1) 


a 


by the last article; r(2)se1; P(8)a1.2; Pity b.2.3, ke; 
17.27.97... p* = (r(p + 1)? 


on 
178. To investigate I we dz, when nis not ar 
« 
integer. Changing # into aa in the equation 


* an 
iP a 'e drain), we have 


0 lr (n 5 
i wer da = a ae (a), 
/ 0 


for all positive values of m. Integrating hy parts, 


fe~xdz =—e'r +n feta ax. 

Taking this between limits = + and «= 9, we have 
Cia +)) = af for all finite positire values of n. Similarly, 
C(n4+h=(at dy rintli Tint Sj =lat+2) Tint 2), ke. 

174. The first Fulerian intearal. In (a) Art. 178, write 
p+q forn,and1+y fora. Then 
ripe 
(lor yyrrs 


Multiplying by y*-'dy, and integrating between limits 
2 and ?, 


< 

/ ertelenlltn ds am 
0 

* 
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@ eo 
[ S zPptg-l yan} e-U+ns dydz 
7 0 0 


00 wd 
=T(pt+9) ca 


0 (+ y)Pte 
The multiple integral may be integrated first with respect 
0 y, considering # constant (Art. 117). The resulting 


ntegral is similar to that of (a) Art. 173, Hence, the 
multiple integral becomes 


f° sfevrartmdrarg f° e~"aP~ldz=Tq.Tp. 

Whence from the preceding equation, 
rp.vg to ytldy 

r(p +9) =f, (+ y)rte 


The integral is called tho jirst Eulerian integral, and is 
designated by the symbol (plg), by Cournot. The pre- 
ceding formula is the fundamental relation between the two 
Kulorian integrals, It is evident from it that 


(pla) = (q'p). 


175. Ultimate ratios of Eulerian tntegrals, In the first Fu- 


= (pi). 


lorian integral put 1 + y= e. Then, when y= 0, = 0; 
and when y = x, ¢ == @; so that the limits of the integral 


are not changed. Also, dy =; e’dz, and the integral 
becomes 

f m(eF—iyrterds = f° (er Herts 

0/0 s(ptal == 1) 

e? pee 

7 ae 

= pt VA {pQ—e Py} e-de, 

All the steps by which this result is obtained hold when 

p is indefinitely ee Then the quantity in the { } — 


may be put in the form | and by evaluation by differentia- 


0 
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tion becomes z. Hence, when p is indefinitely increased, 
the frst Eulerian integral 

baad T 

aa zmletd:= —. 

(p|¢) becomes p vA € P" 


Therefore, substituting in the last article for (p |), 
Tp _ 1 rip +9) 


r(p+q) pe rp 

when p is indefinitely increased. 
If in the last result we put for g, successively, 1 +" and 
1 —n, and multiply together the results so obtained, we have 


_Tip+ itn). T(pt+] —x%) 
p(t py 


Pp" 


] 


ene a Oe 


Ir (p + 1)I' 
(Art. 173), when p is indefinitely increased. 


176. Multiplying together a series of the equations at the 
end of Art. 173, » +1 in number, and omitting common 
factors, 

nm ntl.n+t2..a4p. atest. 


Vip+1l—n) 
* tee 5) uae 4) =m eee om ae trae mannemnny tore agate 
Jo ln. Qan Sn. pon ria 


writing 1 —# for n,and p—1 for p. Multiplying together 
these two equations, we have 
Vn? Qn? . 37— nn? ... p?— ni? 
riptnt+ irl —n+l) 
io 


Coe 
F cometieene on eamteneed 
aE 





nUni(l— wy 
n? n? n* n* 
Il—n . lms . Is ace |—-~ 
sg 
Oe ere 3 n(n} O(L — re) 
_T(ptntl).Tip—atl) 1 


(ri p+ tj "aI(n)r(l—n) 
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By Art. 175 the first fraction on the second side of 
this equation converges to the value 1, as p is indefinitely 
increased ; 

n* n? n? i } 
“ Ioagel-g lg seeeee ad inf. nl(aytTd—a)’ 


HIN Mor 1 
‘ eS T omens =e 
i nV (n) tT (1—2) Eyre) 








sinn 


Hence when n = 3, 


(P(Q)P =e, 104) = he [.° wre~da. 


we | ] _ 
Also, writing . for n, r( \r (* - } ener ' 


n 











n . 
sIn — 
2 2) f/n—2 w 
~ for x, r(- ) rt —-—— }) = ——-, 
n n " . @n 
sin — 
" 
e * » . * ¢ . * . . y « * 

m— | n—I]\_ 1] v 
——- for n, r( i 3S, 
7 ” n .n—t 

sin - " 





7 


Multiplying (n — 1) of these equations together, and re- 


_ 6 . AT _n—) 
mombering that sin— .sin—-... sin 
7 





n 
7 = pea? wo 


[ 1 2 tt— 1 a a a 
r(.)r(=) eee r( ) = eEeOC00—eeeeee, 
" n 2 n 


Go 
From f, ate~de = r', we easily find 


have 





Go 
I e~“'dx = dai, putting x? = z. 


oo 
177. To investigate {de a~ cos ra. Tutegrating by 
parts, 
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1 ” ; 
ft €~** C08 Fa = 3 e—* cos r# — ; fem sin radx 
a 


, 1 ; ’ 
fdsemsines =— ae sinra’ + = [o> cos radaz: 
a 


AaCOS rR —~ rein rs 


, bdze™ coosra=— ee” 
f a’ a a 


_ asinrs — rcosra 


* 


[age sinrae == — e* 


These integrals are to be taken between limita # = a and 

=(. When a is positive and not zero, e~ is zero at tho 
former limit, at which also the fractions on the second sides 
of these equations are finite if a and r be not zerv, since 
sines and cosines are finite by their definition. Ayain, when 
aw has the limit 0, e~*” = 1 if a be finite; the numerators 
of the fractions become a and r respectively, if a and r bo 
finite. Hence 


| a ] a 
dxe cosra = ———_ ; 
790 a‘+ri 


a Pa 
vA dze-C sin ra = ———, «00 (1.) 
0 a+r 


178. Sine and cosine of an infinite angle. Tf, in defiance 
of the restrictions with respect to @ and yr, by which theao 
resulta are obtained, we put a=), r remaining finite, and 
assume that e°-“ = 1, for all values of z between its 
limits, the results apparently become 


oo on I ak 
S, dz cos rz = 0) , f dz BIN +3 — ~" senenen (2,) 
0 J I r 


whence, since 


sin rz . CORKS 
dzcosrz= ; dzsinrz =<=——-— 
« r a. r 





it would follow that cos » = fand sin x = 0. 


But it is essential to the evaluation of the original definite 
integral that ag = @, when z= x; a condition which re- 
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quires an arbitrary relation between # and a if the latter 
have the limit 0. Moreover, the supposed values of 008 
and sin © violate the relation sin? + cos? = 1, which is part 
of the very definition of ‘‘sine” and “ cosine.” 

The antecedent objection to assigning a definite value to 
the sine or cosine of an infinite angle is perfectly insuper- 
able; for, however great a number of times the ius 
describing the angle revolve, the sine and cosine will vary 
from 1 to — 1 in the course of each revolution. 

The correct statement to be substituted for equations (2) 
appears to be, that the original definite integrals 6f €~? cosra 


and «“sinra, approach the limits 0 and ~ respectively, 


when a approaches the limit 0, r remaining finite. 

Since equations (1) are true for all finite positive values 
of a and r, let r?= na where n is any arbitrary number. 
Then, the first equation of (1) becomes 





» Oo l 
/ dz e~* cos (najia = 
a’ VY arn 


If it were allowable to put a = 0, we should have in strict 
, 1 ] 
analogy with (2), I, da = ~ 1) © ses, any finite arbi- 


trary quantity, — a result which obviously contradicts the 
fundamental principles of the Integral Calculus. 


' oo 
179. To investigate I, dxe~“ cos’z, By integration 
hy parts twice, it is easily found that 
v 7 2s8inz — acosz 26% 
[dze~ cose =e” cos 2 —____—— — raehaiitt 
F a® + 4 a (a* + 4) 


When # = o, e™ is zero for all positive values of a not 
zero, aud therefore the second side of the preceding equa- 
tion vanishes. When « = 0, the eame side becomes 
a 2 
aé+4 a(a?+ 4)’ 
fe) 3 
f, e™ cos’ ada = Pee 
0 a(a* + 4) 
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180. Differentiation of definite integrals. The differential 
coefficient with respect to c of a definite integral 


a 
At f(z, dz, 


is found by differentiating under the / the function f(z, c). 
Let F be the integral, and ?F its increment, due to an 
increment ¢e of c; and let df(#,c) be the corresponding 
increment of f(z, ¢). 


f= fi sees Boyde — ff “ya, elda 


=f, {f(#,¢ + 8c) — f(z, ¢)} de, 


a . 
of — a af (2, ¢) dz, aud df 
8e (Jb 8c c 


= flee) ag, 
de. "? 


‘ h dc 


when 8¢ has the limit zero. 


Lies) 5 
181. To tnrestigate dze~" cosQer. The prin- 


/ 0 
ciple of the last article is remarkably illustrated by this 
integral. Calling it F, 


dF + G0 ‘ 
eee J daca ent win Qo vooees (1) 
de ./ 90 


i) 


» 
= (a-* e782? sin aex)—2ea-* f, da e~**** cos Qex, 


integrating by parts. The quantity in the bracket disappears 
when taken between the assigned limits, fur all fiuite values 
of ¢, a not being zero; 

dF d¥ 


ae ee Qe PP; ow. — m= Qa" de. 
de F 


Integrating, log, F =— c’a~* + a constant, or PF = C e-“*e7*, 
Squation (1) and all that follow from it are true for all finite 


ues of ¢, positive or negative. Therefore, if in the last 
equation, ¢ baving the limiting value 0, we have 
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oo J oe 
C =f, dag? zx ats e+e dz, 
0 2a /0 


ort 


putting a’z* = z. lence, by Art. 176, C = ae 
oo ‘ 
af dz e—“* cos 2ea = — enaa-*, 
0 2a 


This integral is duc to Laplace:—Memoires de UInstitut, 
1810. 


APPENDIX. 





DEMOKSTRATION OF TAYLOR'S THEOREM. 


Ler any function (f) of a single variable and its suc- 
cessive differential coefficients (/’, f'’, &c.) be finite and 
continuous for all values of the variable from a to a +h. 
In the expression 
, #2 cae reel xr” 

SJ (a+z)—fa—fla.r—f te ee ~RK ae AY, 
let R be such a finite quantity, not involving 2, that when 

==h the expression = 0. It is also zero when re 0, 
Rat a function which is zero fur two different values of ite 
variable cannot be always increasing vor always decreasing 
in the interval. lence there is some value (2,) of a be- 
tween 0 and fh, for which tho differential coefficient of (1) 
(1. ¢, its rate of increase) is zero; or, 


; . big Wa awed 
J (atrx)-fa-—f aacn~f a 1.93 a a ee | see (2), 


is zero when « = #@,; (2) is zero also when cas. There- 
fore, as before, there is a salue of z between a, and 0, 
for which the differential coefficient of (2) in zero. Con. 
tinuing the process to n diflerentiations, we have, finally, 
I'(a + #) — R=0, when @ has some value between 0 and h. 
Let this value be 6h where 6 is a proper fraction. Then 
Rof*(a+6h), Substituung this value of R in (1), and 
putting (1) = 0 when z = A, 


* 


4 é at h* * 
Siathj=fai+s a.h +f G ree + oes +f (a + Ja) ae 
which is Lagrange’s Theorem on the Limits of Taylor's 
Theorem. 


4 
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If the last term of this series become zero when f is 
sufficiently large, 
S(athj=fatfaht fla. ~ + ... to convergence, 
which is Taylor's Theorem. 


This demonstration is a somewhat simplified form of one 
originally published by the Author, in the ‘Cambridge and 
Dublin Mathematical Journal,” vol. vi., p. 80, and reprinted 
in his ‘“‘ Manual of the Differential Calculus,” Art. 54. 


2. TAYLOR'S THEOREM DEMONSTRATED BY INTEGBATION, 


. By successive integration by parts, 
viz: +h—2)dz=2f'(a+h—2z) + fossa +h—z)dz 


2 a a2 
m2f"(a+h—z) +f" (ath—2) + fore +h—z)dz 
== Xe. 


x 3 
SE Ohi) re VR eS) er (ath—2)+... 


Foie | 
a ei eee pe A~—as\ds. 
Si (a + ) 


Take this result between s=h and z=0. The first side 
of tho equation becomes, by Art. 30, (IIL), f(a + 4)— fa. 
Then, transferring fa to the second side of the equation 
taken between limits, 


» 
flath)=fatfah+/ a. te 


A pone) ? 
wet aes Se 


which expresses the remainder of Taylor's series by a definite 
integral. 
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